
Chapter 3

Lyapunov Stability I: Autonomous
Systems

In this chapter we look at the important notion of stability in the sense of Lyapunov.
Indeed, there are many definitions of stability of systems. In all cases the idea is: given a
set of dynamical equations that represent a physical system, try to determine whether such
a system is well behaved in some conceivable sense. Exactly what constitutes a meaningful
notion of good behavior is certainly a very debatable topic. The problem lies in how to
convert the intuitive notion a good behavior into a precise mathematical definition that can
be applied to a given dynamical system. In this chapter, we explore the notion of stability
in the sense of Lyapunov, which applies to equilibrium points. Other notions of stability
will be explored in Chapters 6 and 7. Throughout this chapter we restrict our attention to
autonomous systems. The more general case of nonautonomous systems is treated in the
next chapter.

3.1 Definitions

Consider the autonomous systems

x=f(x) f:D -Rn
where D is an open and connected subset of Rn and f is a locally Lipschitz map from D
into Rn. In the sequel we will assume that x = xe is an equilibrium point of (3.1). In other
words, xe is such that

f(xe) = 0.
'Notice that (3.1) represents an unforced system
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Figure 3.1: Stable equilibrium point.

We now introduce the following definition.

Definition 3.1 The equilibrium point x = xe of the system (3.1) is said to be stable if for
each e > 0, 3b=6(e)>0

IIx(0) - xell < 6 IIx(t) - X, 11 < e Vt > to

otherwise, the equilibrium point is said to be unstable .

This definition captures the following concept-we want the solution of (3.1) to be near the
equilibrium point xe for all t > to. To this end, we start by measuring proximity in terms
of the norm II II, and we say that we want the solutions of (3.1) to remain inside the open
region delimited by 11x(t) - xell < e. If this objective is accomplished by starting from an
initial state x(0) that is close to the equilibrium xef that is, I1x(0) - xell < 6, then the
equilibrium point is said to be stable (see Figure 3.1).

This definition represents the weakest form of stability introduced in this chapter.
Recall that what we are trying to capture is the concept of good behavior in a dynamical
system. The main limitation of this concept is that solutions are not required to converge
to the equilibrium xe. Very often, staying close to xe is simply not enough.

Definition 3.2 The equilibrium point x = xe of the system (3.1) is said to be convergent
if there exists 61 > 0 :

IIx(0) - xeII < 6 = lim x(t) = xe.
t +00
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Figure 3.2: Asymptotically stable equilibrium point.

Equivalently, x, is convergent if for any given cl > 0, IT such that

IIx(0) - xell < dl 11x(t) - xell < el Vt > to + T.

A convergent equilibrium point xe is one where every solution starting sufficiently
close to xe will eventually approach xe as t -4 oo. It is important to realize that stability
and convergence, as defined in 3.1 and 3.2 are two different concepts and neither one of them
implies the other. Indeed, it is not difficult to construct examples where an equilibrium point
is convergent, yet does not satisfy the conditions of Definition 3.1 and is therefore not stable
in the sense of Lyapunov.

Definition 3.3 The equilibrium point x = xe of the system (3.1) is said to be asymptotically
stable if it is both stable and convergent.

Asymptotic stability (Figure 3.2) is the desirable property in most applications. The
principal weakness of this concept is that it says nothing about how fast the trajectories
approximate the equilibrium point. There is a stronger form of asymptotic stability, referred
to as exponential stability, which makes precise this idea.

Definition 3.4 The equilibrium point x = xe of the system (3.1) is said to be (locally)
exponentially stable if there exist two real constants a, A > 0 such that

11x(t) - xell < a Ilx(0) - xell e- At Vt > 0 (3.2)

whenever Ilx(0) - xell < 6. It is said to be globally exponentially stable if (3.2) holds for any
xER".
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Clearly, exponential stability is the strongest form of stability seen so far. It is also imme-
diate that exponential stability implies asymptotic stability. The converse is, however, not
true.

The several notions of stability introduced so far refer to stability of equilibrium points.
In general, the same dynamical system can have more than one isolated equilibrium point.
Very often, in the definitions and especially in the proofs of the stability theorems, it is
assumed that the equilibrium point under study is the origin xe = 0. There is no loss of
generality in doing so. Indeed, if this is not the case, we can perform a change of variables
and define a new system with an equilibrium point at x = 0. To see this, consider the
equilibrium point xe of the system (3.1) and define,

y = x-xe
y = i = f(x)
f(x) = f(y + xe) f 9(y)

Thus, the equilibrium point ye of the new systems y = g(y) is ye = 0, since

9(0) = f(0 + xe) = f(xe) = 0.

According to this, studying the stability of the equilibrium point xe for the system x = f (x)
is equivalent to studying the stability of the origin for the system y = g(y).

Given this property, in the sequel we will state the several stability theorems
assuming that xe = 0.

Example 3.1 Consider the mass-spring system shown in Figure 3.3. We have

my + fly + ky = mg

defining states x1 = y, x2 = y, we obtain the following state space realization,

J ±1 = X2
ll x2=-mkxl-mx2+9

which has a unique equilibrium point xe = (k , 0). Now define the transformation z = x-xe.
According to this

z1 = x1
mg

-
k

,= Z1 = 21

Z2 = x2 , : i 2 -
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Thus,

or

Figure 3.3: Mass-spring system.

zl = z2

z2 = - m (zl + k ) - mz2 + g

I zl = Z2
Sl z2 = -mk zl - mz2

Thus, z = g(x), and g(x) has a single equilibrium point at the origin.

3.2 Positive Definite Functions

Now that the concept of stability has been defined, the next step is to study how to analyze
the stability properties of an equilibrium point. This is the center of the Lyapunov stability
theory. The core of this theory is the analysis and construction of a class of functions to
be defined and its derivatives along the trajectories of the system under study. We start by
introducing the notion of positive definite functions. In the following definition, D represents
an open and connected subset of R".

Definition 3.5 A function V : D -> IR is said to be positive semi definite in D if it satisfies
the following conditions:

(1) 0 E D and V (O) = 0.
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(ii) V(x) > 0, Vx in D - {0}.

V : D -4 IR is said to be positive definite in D if condition (ii) is replaced by (ii')

(ii') V(x) > 0 in D - {0}.

Finally, V : D -+ R is said to be negative definite (semi definite)in D if -V is positive
definite (semi definite).

We will often abuse the notation slightly and write V > 0, V > 0, and V < 0 in D to
indicate that V is positive definite, semi definite, and negative definite in D, respectively.

Example 3.2 The simplest and perhaps more important class of positive definite function
is defined as follow:s,

V(x):IR"->1R=xTQx, QEIRnxn, Q=QT.

In this case, defines a quadratic form. Since by assumption, Q is symmetric (i.e.,
Q = QT), we know that its eigenvalues Ai, i = 1, n, are all real. Thus we have that

positive definite

positive semi definite

V(.) negative definite

negative semi definite

xTQx>O,dx0O b A,>O,di=1,..., n
xTQx>0,Vx#0 = A,>0,Vi=1,..., n
xTQx < 0, Vx # 0 b At < 0, Vi = 1, ... , n
xTQx<O,dx#0 n

Thus, for example:

1 r
I >0, b'a, b > 0Vi (x) 1R R: 2 --> = axi + bx2 = [x1, x2] [

0

a
b

J L X2

1

V2(x) : IIt2 1R = axi = [xl, x21 L
0 0 ] [ X2 . > 0, Va > 0.

is not positive definite since for any x2 # 0, any x of the form x' = [0,x2]T # 0;
however, V2(x*) = 0.

Positive definite functions (PDFs) constitute the basic building block of the Lyapunov
theory. PDFs can be seen as an abstraction of the total "energy" stored in a system, as we
will see. All of the Lyapunov stability theorems focus on the study of the time derivative of a
positive definite function along the trajectories of 3.1. In other words, given an autonomous
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system of the form 3.1, we will first construct a positive definite function V(x) and study
V (x) given by

V(x) = dV aV dxd - ax d = VV f(x)

av av av fl (x)
[axl' axe ...' axn]

f, (x)

The following definition introduces a useful and very common way of representing this
derivative.

Definition 3.6 Let V : D -+ R and f : D -> R'. The Lie derivative of V along f , denoted
by LfV, is defined by

LfV(x) = a f (x).

Thus, according to this definition, we have that

V(x) = as f(x) = VV f(x) = LfV(x).

Example 3.3 Let
ax1

bx2 + cos xl

and define V = x1 + x2. Thus, we have

V(x) = LfV(x) = [2x1,2x2] axl
bx2 + cos xl 1

taxi + 2bx2 + 2x2 cos x1.

11

It is clear from this example that the V(x) depends on the system's equation f (x) and thus
it will be different for different systems.

3.3 Stability Theorems

Theorem 3.1 (Lyapunov Stability Theorem) Let x = 0 be an equilibrium point of ± =
f (x), f : D -+ R", and let V : D -> R be a continuously differentiable function such that
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(i) V(O) = 0,

(ii) V(x) > 0 in D - {0},

(iii) V(x) < 0 in D - {0},

thus x = 0 is stable.

In other words, the theorem implies that a sufficient condition for the stability of the
equilibrium point x = 0 is that there exists a continuously differentiable-positive definite
function V (x) such that V (x) is negative semi definite in a neighborhood of x = 0.

As mentioned earlier, positive definite functions can be seen as generalized energy
functions. The condition V (x) = c for constant c defines what is called a Lyapunov surface.
A Lyapunov surface defines a region of the state space that contains all Lyapunov surfaces
of lesser value, that is, given a Lyapunov function and defining

S21 = {x E Br : V(x) < c1}
522 = {x E Br : V(x) < c2}

where Br = {x E R" : JJxlJ < rl }, and c1 > c2 are chosen such that 522 C Br, i = 1, 2,
then we have that 522 C 521. The condition V < 0 implies that when a trajectory crosses a
Lyapunov surface V (x) = c, it can never come out again. Thus a trajectory satisfying this
condition is actually confined to the closed region SZ = {x : V(x) < c}. This implies that
the equilibrium point is stable, and makes Theorem 3.1 intuitively very simple.

Now suppose that V(x) is assumed to be negative definite. In this case, a trajectory
can only move from a Lyapunov surface V (x) = c into an inner Lyapunov surface with
smaller c. This clearly represents a stronger stability condition.

Theorem 3.2 (Asymptotic Stability Theorem) Under the conditions of Theorem 3.1, if

V (O) = 0,

(ii) V(x) > 0 in D - {0},

(iii) V(x) < 0 in D - {0},

thus x = 0 is asymptotically stable.
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In other words, the theorem says that asymptotic stability is achieved if the conditions
of Theorem 3.1 are strengthened by requiring V (x) to be negative definite, rather than semi
definite.

The discussion above is important since it elaborates on the ideas and motivation
behind all the Lyapunov stability theorems. We now provide a proof of Theorems 3.1 and
3.2. These proofs will clarify certain technicalities used later on to distinguish between local
and global stabilities, and also in the discussion of region of attraction.

Proof of theorem 3.1: Choose r > 0 such that the closed ball

Br={xE III": IxMI<r}

is contained in D. So f is well defined in the compact set Br. Let

a = min V (x) (thus a > 0, by the fact that V (x) > 0 E D).
IxJJ=r

Now choose Q E (0, a) and denote

0,3={xEBr:V(x)<31-

Thus, by construction, f2p C B,.. Now suppose that x(0) E S20. By assumption (iii) of the
theorem we have that

V(x) < 0 = V(x) < V(x(0)) <'3 Vt > 0.

It then follows that any trajectory starting in Slp at t = 0 stays inside Sup for all t > 0.
Moreover, by the continuity of V(x) it follows that 3b > 0 such that

< ' 3< Q (B6 C 00 C Br).

It then follows that
IX(O)II < 6 = x(t) E Q0 C Br Vt > 0

and then
1x(O)11 < b => Ix(t)II < T < f Vt > 0

which means that the equilibrium x = 0 is stable. ED

Proof of theorem 3.2: Under the assumptions of the theorem, V (x) actually decreases
along the trajectories of f (x). Using the same argument used in the proof of Theorem 3.1,
for every real number a > 0 we can find b > 0 such that Ib C Ba, and from Theorem 3.1
whenever the initial condition is inside f2b, the solution will remain inside 52b. Therefore,
to prove asymptotic stability, all we need to show is that 1b reduces to 0 in the limit. In
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Figure 3.4: Pendulum without friction.

other words, 52b shrinks to a single point as t -> oo. However, this is straightforward, since
by assumption

f7(x) < 0 in D.

Thus, V (x) tends steadily to zero along the solutions of f (x). This completes the proof.

Remarks: The first step when studying the stability properties of an equilibrium point
consists of choosing a positive definite function Finding a positive definite function is
fairly easy; what is rather tricky is to select a whose derivative along the trajectories
near the equilibrium point is either negative definite, or semi definite. The reason, of course,
is that is independent of the dynamics of the differential equation under study, while
V depends on this dynamics in an essential manner. For this reason, when a function
is proposed as possible candidate to prove any form of stability, such a is said to be a
Lyapunov function candidate. If in addition happens to be negative definite, then V
is said to be a Lyapunov function for that particular equilibrium point.

3.4 Examples

Example 3.4 (Pendulum Without Friction)

Using Newton's second law of motion we have,

ma = -mg sin 9
a = la = l9
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where l is the length of the pendulum, and a is the angular acceleration. Thus

mlO+mgsin0 = 0
or B+ l sing = 0

choosing state variables

we have

c

{
xl = 0
X2 = 0

.j1 = x2
22 = -gsinxl

75

which is of the desired form i = f (x). The origin is an equilibrium point (since f (0) = 0).
To study the stability of the equilibrium at the origin, we need to propose a Lyapunov function
candidate V (x) and show that satisfies the properties of one of the stability theorems seen
so far. In general, choosing this function is rather difficult, however, in this case we proceed
inspired by our understanding of the physical system. Namely, we compute the total energy
of the pendulum (which is a positive function), and use this quantity as our Lyapunov
function candidate. We have

E = K + P (kinetic plus potential energy)

= 2m(wl)2 + mgh

where

Thus

w = 0 = x2
h = l(1 - cosO) = l(1 - cosxl).

E = 2ml2x2 + mgl(1 - cosxl).

We now define V(x) = E and investigate whether and its derivative satisfy the
conditions of Theorem 3.1 and/or 3.2. Clearly, V(0) = 0; thus, defining property (i) is
satisfied in both theorems. With respect to (ii), we see that because of the periodicity of
cos(xj), we have that V(x) = 0 whenever x = (xl, x2)T = (2krr, 0) T, k = 1, 2, . Thus,

is not positive definite. This situation, however, can be easily remedied by restricting the
domain of xl to the interval (-27r, 21r); i. e., we take V : D -4 R, with D = ((-27r, 27r), 1R)T.
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With this restriction, V : D -> R is indeed positive definite. There remains to evaluate the
derivative of along the trajectories of f(t). We have

V(x) _ VV f(x)
IV aV [fl(x),f2(x)1T=
axl ax2

_ [mgl sin xl, ml2x2] [x2, -9 sinxl]T

mglx2 sin x1 - mglx2 sin xl = 0.

Thus V (x) = 0 and the origin is stable by Theorem 3.1.

The result of Example 3.4 is consistent with our physical observations. Indeed, a simple
pendulum without friction is a conservative system. This means that the sum of the kinetic
and potential energy remains constant. The pendulum will continue to balance without
changing the amplitude of the oscillations and thus constitutes a stable system. In our
next example we add friction to the dynamics of the pendulum. The added friction leads
to a loss of energy that results in a decrease in the amplitude of the oscillations. In the
limit, all the initial energy supplied to the pendulum will be dissipated by the friction force
and the pendulum will remain at rest. Thus, this version of the pendulum constitutes an
asymptotically stable equilibrium of the origin.

Example 3.5 (Pendulum with Friction) We now modify the previous example by adding
the friction force klO

ma = -mg sin 0 - klO

defining the same state variables as in example 3.4 we have

X2

X2

-S1Ilxl - nk,x2

Again x = 0 is an equilibrium point. The energy is the same as in Example 3.4. Thus

V(x) = 2m12x2 + mgl(1 - cosxl) >0 in D - {0}

V(x) _ VV . f(x)
IV IV [fl (x), f2(x)]T=
axl

,

ax2

[mgl sin xl, m12x2] [x2, -9 sin xl
k x21T

m
_ -k12x2.
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Thus V(x) is negative semi-definite. It is not negative definite since V(x) = 0 for x2 = 0,
regardless of the value of xl (thus V (x) = 0 along the xl axis). According to this analysis, we
conclude that the origin is stable by Theorem 3.1, but cannot conclude asymptotic stability
as suggested by our intuitive analysis, since we were not able to establish the conditions of
Theorem 3.2. Namely, V(x) is not negative definite in a neighborhood of x = 0. The result
is indeed disappointing since we know that a pendulum with friction has an asymptotically
stable equilibrium point at the origin.

This example emphasizes the fact that all of the theorems seen so far provide sufficient but
by no means necessary conditions for stability.

Example 3.6 Consider the following system:

±2 -XI + x2(x1 + x - a2).

To study the equilibrium point at the origin, we define V(x) = 1/2(x2 +x2). We have

V (x) = VV f (x)
[xl//, x2] [xl (X2 + x - /32) + x2, -xlx2 (2 + x2 - Q2)]T

xllxl+2-'32)+x2(xi+2-'32)

(xi + x2)(xl + 2 - Q2).

Thus, V(x) > 0 and V(x) < 0, provided that (xl +x2) < Q2, and it follows that the origin
is an asymptotically stable equilibrium point.

3.5 Asymptotic Stability in the Large

A quick look at the definitions of stability seen so far will reveal that all of these concepts
are local in character. Consider, for example, the definition of stability. The equilibrium xe
is said to be stable if

JIx(t) - xell < e, provided that 11x(0) - xell < b

or in words, this says that starting "near" xei the solution will remain "near" xe. More
important is the case of asymptotic stability. In this case the solution not only stays within
e but also converges to xe in the limit. When the equilibrium is asymptotically stable,
it is often important to know under what conditions an initial state will converge to the
equilibrium point. In the best possible case, any initial state will converge to the equilibrium
point. An equilibrium point that has this property is said to be globally asymptotically stable,
or asymptotically stable in the large.
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Definition 3.7 The equilibrium state xe is said to be asymptotically stable in the large, or
globally asymptotically stable, if it is stable and every motion converges to the equilibrium
ast-3oo.

At this point it is tempting to infer that if the conditions of Theorem 3.2 hold in
the whole space PJ', then the asymptotic stability of the equilibrium is global. While
this condition is clearly necessary, it is however not sufficient. The reason is that the
proof of Theorem 3.1 (and so also that of theorem 3.2) relies on the fact that the positive
definiteness of the function V (x) coupled with the negative definiteness of V (x) ensure that
V(x) < V(xo). This property, however, holds in a compact region of the space defined in
Theorem 3.1 by ft = {x E B,. V (x) <,3}. More precisely, in Theorem 3.1 we started by
choosing a ball B,. _ {x E R' Jxii < r} and then showed that Stp C B,.. Both sets S2p
and B, are closed set (and so compact, since they are also bounded). If now B, is allowed
to be the entire space lR the situation changes since the condition V(x) < 3 does not, in
general, define a closed and bounded region. This in turn implies that no is not a closed
region and so it is possible for state trajectories to drift away from the equilibrium point,
even if V(x) < Q. The following example shows precisely this.

Example 3.7 Consider the following positive definite function:

V(x)
= X2

1+X2
+ x2.

1

The region V(x) < Q is closed for values of 3 < 1. However, if Q > 1, the surface is open.
Figure 3.5 shows that an initial state can diverge from the equilibrium state at the origin
while moving towards lower energy curves.

The solution to this problem is to include an extra condition that ensures that V (x) =
Q is a closed curve. This can be achieved by considering only functions V(.) that grow
unbounded when x -> oo. This functions are called radially unbounded.

Definition 3.8 Let V : D -4 R be a continuously differentiable function. Then V (x) is
said to be radially unbounded if

V(x) ->oo as iixli-goo.

Theorem 3.3 (Global Asymptotic Stability) Under the conditions of Theorem 3.1, if V(.)
is such that
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Figure 3.5: The curves V(x) = 0.

(i) V(0) = 0.

(ii) V(x)>0 Vx#0.

(iii) V(x) is radially unbounded.

(iii) V (x) < 0 Vx # 0.

then x = 0 is globally asymptotically stable.

Proof: The proof is similar to that of Theorem 3.2. We only need to show that given an
arbitrary /3 > 0, the condition

S2p = {x E Rn : V (X) < /3}

defines a set that is contained in the ball B,. = {x E R' : IIxII < r}, for some r > 0. To see
this notice that the radial unboundedness of implies that for any 0 > 0, 3r > 0 such
that V(x) > 0 whenever IIxII > r, for some r > 0. Thus, S20 C B,., which implies that S20
is bounded.

Example 3.8 Consider the following system
2xl = x2 - x1(xl + X2
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2 2x2 = -21 - 2201 + 22).

To study the equilibrium point at the origin, we define V (x) = x2 + x2. We have

(2) = 7f(x)
2 22[xlix2][x2 -21(21 +22),-21 -22(21 -f-22)]T

-2(x1 + 22)2

Thus, V(x) > 0 and V(x) < 0 for all x E R2. Moreover, since is radially unbounded,
it follows that the origin is globally asymptotically stable.

3.6 Positive Definite Functions Revisited

We have seen that positive definite functions play an important role in the Lyapunov theory.
We now introduce a new class of functions, known as class 1C, and show that positive definite
functions can be characterized in terms of this class of functions. This new characterization
is useful in many occasions.

Definition 3.9 A continuous function a : [0, a) -> R+ is said to be in the class K if

(i) a(0) = 0.

(ii) It is strictly increasing.

a is said to be in the class KQO if in addition a : ]EF+ -+ IIt+ and a(r) -+ oo as r -+ oo.

In the sequel, B,. represents the ball

Br= {xER":IxII<r}.

Lemma 3.1 V : D --> R is positive definite if and only if there exists class K functions a1
and a2 such that

al(II2II) 5 V(x) < a2(IIxII) Vx E Br C D.

Moreover, if D = 1R' and is radially unbounded then a1 and a2 can be chosen in the
class K.

Proof: See the Appendix.



3.6. POSITIVE DEFINITE FUNCTIONS REVISITED 81

Example 3.9 Let V (x) = xT Px, where P is a symmetric matrix. This function is positive
definite if and only if the eigenvalues of the symmetric matrix P are strictly positive. Denote
)m%n(P) and ),ax(P) the minimum and maximum eigenvalues of P, respectively. It then
follows that

Am.m(P)Ilxll2 < xTPx < Amax(P)Ilxll2
.m,n(P)Ilxll2 < V(x) < Amax(P)Ilxll2.

Thus, al, a2 : [0, oc) --> R+, and are defined by

al(x) = .min(P)Ilxl12
a2(x) = \max(P)Ilxll2.

For completeness, we now show that it is possible to re state the stability definition
in terms of class 1C of functions.

Lemma 3.2 The equilibrium xe of the system (3.1) is stable if and only if there exists a
class IC function a(.) and a constant a such that

1x(0) - xell < a = lx(t) - xell <_ a(I1*0) - xell) Vt > 0. (3.4)

Proof: See the Appendix.

A stronger class of functions is needed in the definition of asymptotic stability.

Definition 3.10 A continuous function 3 : (0, a) x pg+ -+ R+ is said to be in the class KL
if

(i) For fixed s, 33(r, s) is in the class IC with respect to r.

(ii) For fixed r, 3(r, s) is decreasing with respect to s.

(iii) 0(r,s)---*0 ass -oc.

Lemma 3.3 The equilibrium xe of the system (3.1) is asymptotically stable if and only if
there exists a class ICL function and a constant e such that

1x(0) - xell < S = 1x(t) - xell <_ 0(I1x(0) - xell, t) Vt > 0. (3.5)

Proof: See the Appendix.
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3.6.1 Exponential Stability

As mentioned earlier, exponential stability is the strongest form of stability seen so far. The
advantage of this notion is that it makes precise the rate at which trajectories converge
to the equilibrium point. Our next theorem gives a sufficient condition for exponential
stability.

Theorem 3.4 Suppose that all the conditions of Theorem 3.2 are satisfied, and in addition
assume that there exist positive constants K1, K2, K3 and p such that

Klllxllp < V(x) < K21IxljP
V(x) -K3IIxIlP.

Then the origin is exponentially stable. Moreover, if the conditions hold globally, the x = 0
is globally exponentially stable.

Proof: According to the assumptions of Theorem 3.4, the function V (x) satisfies Lemma
3.1 with al and a2(), satisfying somewhat strong conditions. Indeed, by assumption

Klllxllp < V(x) <_ K2llxjIP
V(x) < -K3IIxllP

< -KV(x)

V(x) < -V(x)
V(x) < V(xo)e-(K3/K2)t

= Ilxll < V x ]1/p < [V xo e-cK3/K2)t]1/p
1 ,

or

lix(t)ll <_ llxoll [K2]1/P e-(K3/2K2)t.

3.7 Construction of Lyapunov Functions

The main shortcoming of the Lyapunov theory is the difficulty associated with the construc-
tion of suitable Lyapunov functions. In this section we study one approach to this problem,
known as the "variable gradient." This method is applicable to autonomous systems and
often but not always leads to a desired Lyapunov function for a given system.
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The Variable Gradient: The essence of this method is to assume that the gradient of
the (unknown) Lyapunov function V(.) is known up to some adjustable parameters, and
then finding itself by integrating the assumed gradient. In other words, we start out
by assuming that

V V (x) = 9(x), (= V (x) = VV (x) . f (x) = g(x) . f (x))

and propose a possible function g(x) that contains some adjustable parameters. An example
of such a function, for a dynamical system with 2 states x1 and x2, could be

9(X)=[91,921 = [hixl + hix2, hzxl + h2x2]. (3.6)

The power of this method relies on the following fact. Given that

VV(x) = g(x) it follows that

g(x)dx = VV(x)dx = dV(x)

thus, we have that

V(Xb) - V (xa) =
Xb

VV(x) dx =
Xb

g(x) dxf J2

that is, the difference V(Xb) - V(xa) depends on the initial and final states xa and xb and
not on the particular path followed when going from xa to xb. This property is often used
to obtain V by integrating VV(x) along the coordinate axis:

X

xl

V (X) = f 9(x) dx =
0

J gl (s1, 0, ... 0) dsl
0

fzZ x,

+
J

92(x1, S2, 0, ... 0) dS2 + ... + 1 9n(x1, x2, ... Sn) dSn. (3.7)
0 0

The free parameters in the function g(x) are constrained to satisfy certain symmetry con-
ditions, satisfied by all gradients of a scalar function. The following theorem details these
conditions.

Theorem 3.5 A function g(x) is the gradient of a scalar function V(x) if and only if the
matrix

ax,

is symmetric.
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Proof: See the Appendix.

We now put these ideas to work using the following example.

Example 3.10 Consider the following system:

.i1 = -axl
2 = bx2 + xlx2.

Clearly, the origin is an equilibrium point. To study the stability of this equilibrium point,
we proceed to find a Lyapunov function as follows.

Step 1: Assume that VV(x) = g(x) has the form

x1 + h2x2]. (3.8)g(x) = [hlxl + hix2, hl2 2

Step 2: Impose the symmetry conditions,

202V
= a V

or, equivalently
as,, - ag,

axtax, ax, ax, ax; - ax,

In our case we have

ahl1991 h2ahlxl + x2+
ax2 ax2 ax2

1 2

19x1
= h2 + x1

ax,

+ x2 axl .

To simplify the solution, we attempt to solve the problem assuming that the J, 's are constant.
If this is the case, then

ahi = ahi = ah2 = ah2
= 0

ax2 ax2 19x1 axl

and we have that:
1991 = 1992 2 =1 =
ax2 19x1

hl h2 k

g(x) = [hlxl + kx2i kxl + h2x2].

In particular, choosing k = 0, we have

9(x) = [91, 92] = [hlxl, h2x2]
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Step 3: Find V:

V(x) = VV f(x)
= 9(x) f(x)
= [hix1, h2x2]f (x)
= -ahixi +h2 (b + xlx2)x2.

Step 4: Find V from VV by integration. Integrating along the axes, we have that

Step 5:

V(x) = I hix2 + 1 h2x2
V(x) -ahixi+h2(b+xlx2)x2

85

From (3.9), V (x) > 0 if and only if hi, h2 > 0. Assume then that hi = h2 = 1. In this case

V(x) = -axe + (b+x1x2)x2

assume now that a > 0, and b < 0. In this case

V(x) = -axi - (b - x1x2)x2

and we conclude that, under these conditions, the origin is (locally) asymptotically stable.

3.8 The Invariance Principle

Asymptotic stability is always more desirable that stability. However, it is often the case
that a Lyapunov function candidate fails to identify an asymptotically stable equilibrium
point by having V (x) negative semi definite. An example of this is that of the pendulum
with friction (Example 3.5). This shortcoming was due to the fact that when studying the

JO

x1

ix1

91(sl, 0) dsl +
fx2

92(x1, s2) ds2
0

hiss dsl +

1 1 2
2h1x1

10

X2

h2s2 ds2

1 2X2+ 2h2x2.

Verify that V > 0 and V < 0. we have that
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properties of the function V we assumed that the variables xl and x2 are independent. Those
variables, however, are related by the pendulum equations and so they are not independent
of one another. An extension of Lyapunov's theorem due to LaSalle studies this problem in
great detail. The central idea is a generalization of the concept of equilibrium point called
invariant set.

Definition 3.11 A set M is said to be an invariant set with respect to the dynamical system
i = f(x) if'

x(0)EM = x(t)EM VtER+.

In other words, M is the set of points such that if a solution of i = f (x) belongs to M at
some instant, initialized at t = 0, then it belongs to M for all future time.

Remarks: In the dynamical system literature, one often views a differential equation as
being defined for all t rather than just all the nonnegative t, and a set satisfying the definition
above is called positively invariant.

The following are some examples of invariant sets of the dynamical system i = f (x).

Example 3.11 Any equilibrium point is an invariant set, since if at t = 0 we have x(0) =
x, then x(t) = xe Vt > 0.

Example 3.12 For autonomous systems, any trajectory is an invariant set.

Example 3.13 A limit cycle is an invariant set (this is a special case of Example 3.12).

11

Example 3.14 If V(x) is continuously differentiable (not necessarily positive definite) and
satisfies V(x) < 0 along the solutions of i = f (x), then the set Sgt defined by

SZi={xE1R' :V(x)<l}

is an invariant set. Notice that the condition V < 0 implies that if a trajectory crosses a
Lyapunov surface V(x) = c it can never come out again.

Example 3.15 The whole space R" is an invariant set.
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Definition 3.12 Let x(t) be a trajectory of the dynamical system ± = f (x). The set N is
called the limit set (or positive limit set) of x(t) if for any p E N there exist a sequence of
times {tn} E [0, oc) such that

x(t,,)->p as t -*oc
or, equivalently

urn IJx(tn) -p1l = 0.

Roughly speaking, the limit set N of x(t) is whatever x(t) tends to in the limit.

Example 3.16 An asymptotically stable equilibrium point is the limit set of any solution
starting sufficiently near the equilibrium point.

Example 3.17 A stable limit cycle is the positive limit set of any solution starting suffi-
ciently near it.

Lemma 3.4 If the solution x(t, x0i to) of the system (3.1) is bounded for t > to, then its
(positive) limit set N is (i) bounded, (ii) closed, and (iii) nonempty. Moreover, the solution
approaches N as t - oc.

Proof: See the Appendix.

The following lemma can be seen as a corollary of Lemma 3.4.

Lemma 3.5 The positive limit set N of a solution x(t, x0i to) of the autonomous system
(3.1) is invariant with respect to (3.1).

Proof: See the Appendix.

Invariant sets play a fundamental role in an extension of Lyapunov's work produced
by LaSalle. The problem is the following: recall the example of the pendulum with friction.
Following energy considerations we constructed a Lyapunov function that turned out to
be useful to prove that x = 0 is a stable equilibrium point. However, our analysis, based
on this Lyapunov function, failed to recognize that x = 0 is actually asymptotically stable,
something that we know thanks to our understanding of this rather simple system. LaSalle's
invariance principle removes this problem and it actually allows us to prove that x = 0 is
indeed asymptotically stable.

We start with the simplest and most useful result in LaSalle's theory. Theorem 3.6
can be considered as a corollary of LaSalle's theorem as will be shown later. The difference
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between theorems 3.6 and theorem 3.2 is that in Theorem 3.6 is allowed to be only
positive semi-definite, something that will remove part of the conservativism associated
with certain Lyapunov functions.

Theorem 3.6 The equilibrium point x = 0 of the autonomous system (3.1) is asymptoti-
cally stable if there exists a function V(x) satisfying

(i) V(x) positive definite Vx E D, where we assume that 0 E D.

(ii) 1 (x) is negative semi definite in a bounded region R C D.

(iii) V(x) does not vanish identically along any trajectory in R, other than the null solution
x=0.

Example 3.18 Consider again the pendulum with friction of Example 3.5:

xl

x2

X2

g
.

k- l slnx1 - -x2.
m

Again

V (X) > 0 Vx E (-7r, -7r) x IR,

(x) _ -kl2x2 (3.13)

which is negative semi definite since V (x) = 0 for all x = [x1i 0]T . Thus, with V short of
being negative definite, the Lyapunov theory fails to predict the asymptotic stability of the
origin expected from the physical understanding of the problem. We now look to see whether
application of Theorem 3.6 leads to a better result. Conditions (i) and (ii) of Theorem 3.6
are satisfied in the region

R
X2

l

with -7r < xl < 7r, and -a < X2 < a, for any a E IR+. We now check condition (iii) of
the same theorem, that is, we check whether V can vanish identically along the trajectories
trapped in R, other than the null solution. The key of this step is the analysis of the condition
V = 0 using the system equations (3.11)-(3.12). Indeed, assume that V(x) is identically
zero over a nonzero time interval. By (3.13) we have

l2xV (x) = 0 0 = -k2 b X2 = 0
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and by (3.12), we obtain

thus x2 = 0 Vt = x2 = 0

sinxl k- x2 and thus x2 = 0 = sin x1 = 00 = 9
-n

restricting xl to the interval xl E (-7r, Tr) the last condition can be satisfied if and only if
xl = 0. It follows that V (x) does not vanish identically along any solution other than x = 0,
and the origin is (locally) asymptotically stable by Theorem 3.6.

Proof of Theorem 3.6: By the Lyapunov stability theorem (Theorem 3.1), we know that
for each e > 0 there exist b > 0

1x011 < b => lx(t)II < E

that is, any solution starting inside the closed ball Bs will remain within the closed ball B,.
Hence any solution x(t, x0i t0) of (3.1) that starts in B6 is bounded and tends to its limit
set N that is contained in B, (by Lemma 3.4). Also V(x) is continuous on the compact set
B, and thus is bounded from below in B,. It is also non increasing by assumption and thus
tends to a non negative limit L as t -* oo. Notice also that V (x) is continuous and thus,
V(x) = L Vx in the limit set N. Also by lemma 3.5, N is an invariant set with respect to
(3.1), which means that any solution that starts in N will remain there for all future time.
But along that solution, V (x) = 0 since V (x) is constant (= L) in N. Thus, by assumption,
N is the origin of the state space and we conclude that any solution starting in R C B6
converges to x = 0 as t -4 oo.

Theorem 3.7 The null solution x = 0 of the autonomous system (3.1) is asymptotically
stable in the large if the assumptions of theorem 3.6 hold in the entire state space (i.e.,
R = R), and V(.) is radially unbounded.

Proof: The proof follows the same argument used in the proof of Theorem 3.3 and is
omitted.

Example 3.19 Consider the following system:

To study the equilibrium

xl = x2

x2 = -x2 - axl - (x1 + x2)2x2.

point at the origin we define V (x) = axe + x2. We have

(x) = 8- f (x)

2[ax1, x2] [x2, -x2 - ax1 - (x1 + x2)2x2]T

-2x2[1 + (x1 +X2)2].
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Thus, V(x) > 0 and V(x) < 0 since V(x) = 0 for x = (xii0). Proceeding as in the previous
example, we assume that V = 0 and conclude that

V=0 x2=0, x2=0 Vt 22=0

X2=0 = -x2 - a X1 - (x1 + x2)2x2 = 0

and considering the fact that x2 = 0, the last equation implies that xl = 0. It follows that
V (x) does not vanish identically along any solution other than x = [0, 0]T . Moreover, since
V(.) is radially unbounded, we conclude that the origin is globally asymptotically stable.

Theorem 3.8 (LaSalle's theorem) Let V : D -* R be a continuously differentiable function
and assume that

(i) M C D is a compact set, invariant with respect to the solutions of (3.1).

(ii) V < 0 in M.

(iii) E : {x : x E M, and V = 0}; that is, E is the set of all points of M such that V = 0.

(iv) N: is the largest invariant set in E.

Then every solution starting in M approaches N as t -+ oo.

Proof: Consider a solution x(t) of (3.1) starting in M. Since V(x) < 0 E M, V(x) is a
decreasing function of t. Also, since V(.) is a continuous function, it is bounded from below
in the compact set M. It follows that V(x(t)) has a limit as t -+ oo. Let w be the limit
set of this trajectory. It follows that w C M since M is (an invariant) closed set. For any
p E w3 a sequence to with to -+ oo and x(tn) -+ p. By continuity of V(x), we have that

V(p) = lim V(x(tn)) = a (a constant).
n- oo

Hence, V (x) = a on w. Also, by Lemma 3.5 w is an invariant set, and moreover V (x) = 0
on w (since V(x) is constant on w). It follows that

wCNCEcM.
Since x(t) is bounded, Lemma 3.4 implies that x(t) approaches w (its positive limit set) as
t -+ oo. Hence x(t) approaches N as t -> oo.

Remarks: LaSalle's theorem goes beyond the Lyapunov stability theorems in two impor-
tant aspects. In the first place, V(-) is required to be continuously differentiable (and so
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bounded), but it is not required to be positive definite. Perhaps more important, LaSalle's
result applies not only to equilibrium points as in all the Lyapunov theorems, but also to
more general dynamic behaviors such as limit cycles. Example 3.20, at the end of this
section, emphasizes this point.

Before looking at some examples, we notice that some useful corollaries can be found
if is assumed to be positive definite.

Corollary 3.1 Let V : D -4 R be a continuously differentiable positive definite function in
a domain D containing the origin x = 0, and assume that V (x) < 0 E D. Let S = {x E
D : V (x) = 0} and suppose that no solution can stay identically in S other than the trivial
one. Then the origin is asymptotically stable.

Proof: Straightforward (see Exercise 3.11).

Corollary 3.2 If D = Rn in Corollary 3.1, and is radially unbounded, then the origin
is globally asymptotically stable.

Proof: See Exercise 3.12.

Example 3.20 [68] Consider the system defined by

it = x2 + xl(Q2 - x1 - x2)
i2 = -xi + x2(02 - xi - x2)

It is immediate that the origin x = (0, 0) is an equilibrium point. Also, the set of points
defined by the circle x1 + x2 = (32 constitute an invariant set. To see this, we compute the
time derivative of points on the circle, along the solution of i = f (x):

T [x2 + x2 - Q2] = (2x1, 2x2)f (x)

2(xi + x2)(b2 - xi - x2)

for all points on the set. It follows that any trajectory initiating on the circle stays on the
circle for all future time, and thus the set of points of the form {x E R2 : xl + x2 = 32}
constitute an invariant set. The trajectories on this invariant set are described by the
solutions of

i = f(x)I. ztx2=R2
r x1 = x2

x.x 1 2 l x2 = -xl.
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Thus, the circle is actually a limit cycle along which the trajectories move in the clockwise
direction.

We now investigate the stability of this limit cycle using LaSalle's theorem. To this
end, consider the following function:

V(x) = 1(x2 +x2 -o2)2

Clearly, is positive semi definite in R2. Also

1av' av
f(x)axl axl

-(x2 +x 2)(xl + x2 - a2)2 < 0.

Moreover, V(x) = 0 if and only if one of the following conditions is satisfied:

(a)xi+x2=0
(b) xl+x2-a2=0.

In other words, V = 0 either at the origin or on the circle of radius p. We now apply
LaSalle's theorem.

Step #1: Given any real number c > f3, define the set M as follows:

M={xEIR2:V(x)<c}.

By construction M is closed and bounded (i.e., compact). Also V(x) < OVx E M, and
thus any trajectory staring from an arbitrary point xo E M will remain inside M and M is
therefore an invariant set.

Step #2: Find E = {x E M : V(x) = 0}. Clearly, we have

E=(0,0)U{xER2:xi+x2=j32}

that is, E is the union of the origin and the limit cycle.

Step #3: Find N, the largest invariant set in E.

This is trivial, since E is the union of the origin (an invariant set, since (0, 0) is an
equilibrium point), and the invariant set x1 +x2 = Q2. Thus, we conclude that N = E, and
by LaSalle's theorem, every motion staring in M converges to either the origin or the limit
cycle.
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We can refine our argument by noticing that the function V was designed to measure
the distance from a point to the limit cycle:

V(x) = 2(x1 +x2 - 32)2

r V (x) = 0 whenever x2 + x2 = /j2
5l V (x) = 2/34 when x = (0, 0).

Thus, choosing c : 0 < c < 1/204 we have that M = {x E JR2 : V(x) < c} includes the
limit cycle but not the origin. Thus application of LaSalle's theorem with any c satisfying
c : e < c < 1/234 with e arbitrarily small shows that any motion starting in M converges
to the limit cycle, and the limit cycle is said to be convergent, or attractive. The same
argument also shows that the origin is unstable since any motion starting arbitrarily near
(0, 0) converges to the limit cycle, thus diverging from the origin.

3.9 Region of Attraction

As discussed at the beginning of this chapter, asymptotic stability if often the most desirable
form of stability and the focus of the stability analysis. Throughout this section we restrict
our attention to this form of stability and discuss the possible application of Theorem 3.2
to estimate the region of asymptotic stability. In order to do so, we consider the following
example,

Example 3.21 Consider the system defined by

r 1 = 3x2
1. 22 = -5x1 + x1 - 2x2.

This system has three equilibrium points: xe = (0, 0), xe = (-f , 0), and xe = (v', 0). We
are interested in the stability of the equilibrium point at the origin. To study this equilibrium
point, we propose the following Lyapunov function candidate:

V(x) = axe - bxl + cx1x2 + dx2

with a, b, c, d constants to be determined. Differentiating we have that

V = (3c - 4d)x2 + (2d - 12b)x3 x2 + (6a - 10d - 2c)xlx2 + cxi - 5cxi

we now choose
{ 2d - 12b = 0

(3.14)6a-10d-2c = 0
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which can be satisfied choosing a = 12, b = 1, c = 6, and d = 6. Using these values, we
obtain

V (x) = 12x2 - xi + 6x1x2 + 6x2
= 3(x1 + 2x2)2 + 9x2 + 3x2 - x1 (3.15)

V(x) = -6x2 - 30x2 + 6xi. (3.16)

So far, so good. We now apply Theorem 3.2. According to this theorem, if V(x) > 0 and
V < 0 in D - {0}, then the equilibrium point at the origin is "locally" asymptotically stable.
The question here is: What is the meaning of the word "local"? To investigate this issue,
we again check (3.15) and (3.16) and conclude that defining D by

D = {xEIIF2:-1.6<xl <1.6} (3.17)

we have that V(x) > 0 and V < 0, Vx E D - {0}. It is therefore "tempting" to conclude that
the origin is locally asymptotically stable and that any trajectory starting in D will move
from a Lyapunov surface V(xo) = cl to an inner Lyapunov surface V(xl) = c2 with cl > C2,
thus suggesting that any trajectory initiating within D will converge to the origin.

To check these conclusions, we plot the trajectories of the system as shown in Figure
3.6. A quick inspection of this figure shows, however, that our conclusions are incorrect.
For example, the trajectory initiating at the point x1 = 0, x2 = 4 is quickly divergent from
the origin even though the point (0, 4) E D. The problem is that in our example we tried
to infer too much from Theorem 3.2. Strictly speaking, this theorem says that the origin is
locally asymptotically stable, but the region of the plane for which trajectories converge to
the origin cannot be determined from this theorem alone. In general, this region can be a
very small neighborhood of the equilibrium point. The point neglected in our analysis is as
follows: Even though trajectories starting in D satisfy the conditions V(x) > 0 and V < 0,
thus moving to Lyapunov surfaces of lesser values, D is not an invariant set and there are
no guarantees that these trajectories will stay within D. Thus, once a trajectory crosses the
border xiI = f there are no guarantees that V(x) will be negative.

In summary: Estimating the so-called "region of attraction" of an asymptotically stable
equilibrium point is a difficult problem. Theorem 3.2 simply guarantees existence of a
possibly small neighborhood of the equilibrium point where such an attraction takes place.
We now study how to estimate this region. We begin with the following definition.

Definition 3.13 Let 1li(x, t) be the trajectories of the systems (3.1) with initial condition x
at t = 0. The region of attraction to the equilibrium point x, denoted RA, is defined by

RA={xED:1/i(x,t)-->xei as t --goo}.
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Figure 3.6: System trajectories in Example 3.21.

In general, the exact determination of this region can be a very difficult task. In this section
we discuss one way to "estimate" this region. The following theorem, which is based entirely
on the LaSalle's invariance principle (Theorem 3.8), outlines the details.

Theorem 3.9 Let xe be an equilibrium point for the system (3.1). Let V : D -4 IR be a
continuous differentiable function and assume that

(i) M C D is a compact set containing xe, invariant with respect to the solutions of (3.1).

(ii) V is such that

V < 0 VX 34 X, E M.
V = 0 ifx=xe.

Under these conditions we have that

M C RA.

In other words, Theorem 3.9 states that if M is an invariant set and V is such that V < 0
inside M, then M itself provides an "estimate" of RA.

Proof: Under the assumptions, we have that E _ {x : x E M, and V = 0} = xe. It then
follows that N = largest invariant set in E is also xe, and the result follows from LaSalle's
Theorem 3.8.
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Example 3.22 Consider again the system of Example 3.21:

I i1 = 3x2
i2 = -5x1 + x1 - 2x2

V (x) = 12x1 - xl + 6x1x2 + 6x2
V(x) = -6x2 - 30x1 +6x1

We know that V > 0 and V < 0 for all {x E R2 : -1.6 < xl < 1.6}. To estimate the region
of attraction RA we now find the minimum of V(x) at the very edge of this condition (i.e.,
x = ±1.6). We have

VIx1=1.6 24.16 + 9.6x2 + 6x2 = z1
dzl

= 9.6 + 12x2 = 0 a x2 = -0.8
axe

lS imilar y

Vlx1=-1.6 = 24.16 - 9.6x2 + 6x2 = z2
dz2 = -9.6 + 12x2 = 0 a x2 = 0.8.
axe

Thus, the function V(±1.6,x2) has a minimum when x2 = ±0.8. It is immediate that
V(1.6, -0.8) = V(-1.6, 0.8) = 20.32. From here we can conclude that given any e > 0, the
region defined by

M = {x E IIY2: V(x) <20.32-e}

is an invariant set and satisfies the conditions of Theorem 3.9. This means that M C RA.

3.10 Analysis of Linear Time-Invariant Systems

Linear time-invariant systems constitute an important class, which has been extensively
analyzed and is well understood. It is well known that given an LTI system of the form

2 = Ax, A E 1Rnxn x(0) = x0 (3.18)

the origin is stable if and only if all eigenvalues A of A satisfy Me(at) < 0, where te(A )
represents the real part of the eigenvalue )i, and every eigenvalue with Me(at) = 0 has an
associated Jordan block of order 1. The equilibrium point x = 0 is exponentially stable if
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and only if all the eigenvalues of the matrix A satisfy Re(.i) < 0. Moreover, the solution
of the differential equation (3.18) can be expressed in a rather simple closed form

x(t) = eAtxo

Given these facts, it seems unnecessary to investigate the stability of LTI systems via
Lyapunov methods. This is, however, exactly what we will do in this section! There is
more than one good reason for doing so. In the first place, the Lyapunov analysis permits
studying linear and nonlinear systems under the same formalism, where LTI is a special
case. Second, we will introduce a very useful class of Lyapunov functions that appears very
frequently in the literature. Finally, we will study the stability of nonlinear systems via the
linearization of the state equation and try to get some insight into the limitations associated
with this process.

Consider the autonomous linear time-invariant system given by

x=Ax, AERnxn

and let V(.) be defined as follows

(3.19)

V (X) = xT Px (3.20)

where p E Rnxn is (i) symmetric and (ii) positive definite. With these assumptions, V(.)
is positive definite. We also have that

V=xTPx+xTP±

by (3.19), 2T = XT AT . Thus

XTATPi+XTPAx
XT(ATP+PA)x

or

V = _XTQX (3.21)

PA+ATP = _Q. (3.22)

Here the matrix Q is symmetric, since

QT = -(PA +ATP)T = -(ATP+AP) = Q

If Q is positive definite, then is negative definite and the origin is (globally) asymp-
totically stable. Thus, analyzing the asymptotic stability of the origin for the LTI system
(3.19) reduces to analyzing the positive definiteness of the pair of matrices (P, Q). This is
done in two steps:
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(i) Choose an arbitrary symmetric, positive definite matrix Q.

(ii) Find P that satisfies equation (3.22) and verify that it is positive definite.

Equation (3.22) appears very frequently in the literature and is called Lyapunov equation.

Remarks: There are two important points to notice here. In the first place, the approach
just described may seem unnecessarily complicated. Indeed, it seems to be easier to first
select a positive definite P and use this matrix to find Q, thus eliminating the need for
solving the Lyapunov equation. This approach may however lead to inconclusive results.
Consider, for example, the system with the following A matrix,

= 0 4

`4 -8 -12

taking P = I, we have that

-Q = PA + AT P = [
4

0 -4
-24 ]

and the resulting Q is not positive definite. Therefore no conclusion can be drawn from this
regarding the stability of the origin of this system.

The second point to notice is that clearly the procedure described above for the
stability analysis based on the pair (P, Q) depends on the existence of a unique solution
of the Lyapunov equation for a given matrix A. The following theorem guarantees the
existence of such a solution.

Theorem 3.10 The eigenvalues at of a matrix A E R T satisfy te(A1) < 0 if and only
if for any given symmetric positive definite matrix Q there exists a unique positive definite
symmetric matrix P satisfying the Lyapunov equation (3.22)

Proof: Assume first that given Q > 0, 2P > 0 satisfying (3.22). Thus V = xTPx > 0
and V = -xT Qx < 0 and asymptotic stability follows from Theorem 3.2. For the converse
assume that te(A1) < 0 and given Q, define P as follows:

P =
10

eATtQeAt dt
00

this P is well defined, given the assumptions on the eigenvalues of A. The matrix P is also
symmetric, since (eATt)T = eAt. We claim that P so defined is positive definite. To see
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that this is the case, we reason by contradiction and assume that the opposite is true, that
is, Ix # 0 such that xT Px = 0. But then

xTPx=0 xTeATtQeAtx dt = 0
10

Ja

r
yT Qy dt = 0 with y = eAtx

y=eAtx=O dt>0
x=0

since eat is nonsingular Vt. This contradicts the assumption, and thus we have that P is
indeed positive definite. We now show that P satisfies the Lyapunov equation

PA + ATP = j eATtQeAtA dt + J
ATeATtQeAt dt

0

= J' t (eA-tQeAt) dt

eATtQeAt IU = -Q

which shows that P is indeed a solution of the Lyapunov equation. To complete the proof,
there remains to show that this P is unique. To see this, suppose that there is another
solution P # P. Then

(P-P)A+AT(P-P) = 0
eAT t [(P - P)A+ AT (P - P)] eAt = 0

=>
dt

[eAT t (P - P)eAt] = 0

which implies that eAT t (P - P)e_At is constant Vt. This can be the case if and only if
P - P = 0, or equivalently, P = P. This completes the proof.

3.10.1 Linearization of Nonlinear Systems

Now consider the nonlinear system

x = f (x), f : D -4 R' (3.23)

assume that x = xe E D is an equilibrium point and assume that f is continuously differ-
entiable in D. The Taylor series expansion about the equilibrium point xe has the form

f (x) = f (xe) + ax (xe) (x - xe) + higher-order terms
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Neglecting the higher-order terms (HOTs) and recalling that, by assumption, f (xe) = 0,
we have that

r
d (x) =

C72
(Xe)(x - xe). (3.24)

Now defining

x = x - xe1 A = f (Xe) (3.25)

we have that X = i, and moreover
Ate. (3.26)

We now whether it is possible to investigate the local stability of the nonlinear system
(3.23) about the equilibrium point xe by analyzing the properties of the linear time-invariant
system (3.26). The following theorem, known as Lyapunov's indirect method, shows that if
the linearized system (3.26) is exponentially stable, then it is indeed the case that for the
original system (3.23) the equilibrium xe is locally exponentially stable. To simplify our
notation, we assume that the equilibrium point is the origin.

Theorem 3.11 Let x = 0 be an equilibrium point for the system (3.23). Assume that f is
continuously differentiable in D, and let A be defined as in (3.25). Then if the eigenvalues
) of the matrix A satisfy ate(.\a) < 0, the origin is an exponentially stable equilibrium point
for the system (3.23).

The proof is omitted since it is a special case of Theorem 4.7 in the next chapter (see Section
4.5 for the proof of the time-varying equivalent of this result).

3.11 Instability

So far we have investigated the problem of stability. All the results seen so far are, however,
sufficient conditions for stability. Thus the usefulness of these results is limited by our
ability to find a function V(.) that satisfies the conditions of one of the stability theorems
seen so far. If our attempt to find this function fails, then no conclusions can be drawn with
respect to the stability properties of the particular equilibrium point under study. In these
circumstances it is useful to study the opposite problem, namely; whether it is possible to
show that the origin is actually unstable. The literature on instability is almost as extensive
as that on stability. Perhaps the most famous and useful result is a theorem due to Chetaev
given next.

Theorem 3.12 (Chetaev) Consider the autonomous dynamical systems (3.1) and assume
that x = 0 is an equilibrium point. Let V : D -+ IR have the following properties:
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(i) V(0) = 0

(ii) lix0 E R", arbitrarily close to x = 0, such that V(xo) > 0

(iii) V > OVx E U, where the set U is defined as follows:

U = {x E D : IIxI1 < e, and V(x) > 0}.

Under these conditions, x = 0 is unstable.

Remarks: Before proving the theorem, we briefly discuss conditions (ii) and (iii). Accord-
ing to assumption (ii), V(.) is such that V(xo) > 0 for points inside the ball B6 = {x E
D : Ix1I < d}, where 6 can be chosen arbitrarily small. No claim however was made about

being positive definite in a neighborhood of x = 0. Assumptions (iii) says that is

positive definite in the set U. This set consists of all those points inside the ball Bf (i.e.,
the set of points satisfying Ix1I < c), which, in addition, satisfy V(x) > 0.

Proof: The proof consists of showing that a trajectory initiating at a point xo arbitrarily
close to the origin in the set U will eventually cross the sphere defined by IxII = E. Given
that e is arbitrary, this implies that given c > 0, we cannot find 6 > 0 such that

14011 < 6 = 1X(t)II < e

Notice first that condition (ii) guarantees that the set U is not empty. U is clearly bounded
and moreover, its boundary consists of the points on the sphere 1x11 = e, and the surface
defined by V(x) = 0. Now consider an interior point x0 E U. By assumption (ii) V(xo) > 0,
and taking account of assumption (iii) we can conclude that

V(xo) = l; > 0

V(xo) > 0

but then, the trajectory x(t) starting at x0 is such that V(x(t)) > ,Vt > 0. This conditions
must hold as long as x(t) is inside the set U. Define now the set of points Q as follows:

Q = {xEU:IxII <eandV(x)> }.

This set is compact (it is clearly bounded and is also closed since it contains its boundary
points IIxII = c and V(x) = l;). It then follows that V(x), which is a continuous function
in a compact set Q, has a minimum value and a maximum value in Q. This argument also
shows that V (x) is bounded in Q, and so in U. Define

-y = min{V(x) : x E Q} > 0.
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This minimum exists since V(x) is a continuous function in the compact set Q. Thus, for
the trajectory starting at x0, we can write

tV(x(t) = V(xo) +
J

V (x(r)) dr
0

rt
V (x0) + J ry d-r = V (xo) + ryt.

0

It then follows that x(t) cannot stay forever inside the set U since V(x) is bounded in U.
Thus a trajectory x(t) initiating arbitrarily close to the origin must intersect the boundary
of U. The boundaries of this set are IIxii = E and the surface V(x) = 0. However, the
trajectory x(t) is such that V(x) > and we thus conclude that x(t) leaves the set U
through the sphere IIxii = E. Thus, x = 0 is unstable since given E > 0, we cannot find b > 0
such that

IIxoli < b = 11x(t)II < E.

This completes the proof.

Example 3.23 Consider again the system of Example 3.20

21 = x2+x1(/32-x1-x2)
-t2 = -XI + x2(N2 - x1 - x2)

We showed in Section 3.8 that the origin of this system is an unstable equilibrium point.
We now verify this result using Chetaev's result. Let V(x) = 1/2(x2 + x2). Thus we have
that V (O) = 0, and moreover V (x) > OVx E 1R2 # 0, z. e., V(-) is positive definite. Also

V = (x1,x2)f(x)

(xl + x2)(/32 - xi - x2).

Defining the set U by
U={xEIR2: IIxiI <E, 0<E<)3}

we have that V (x) > OVx E U, x # 0, and V > OVx E U, x # 0. Thus the origin is unstable,
by Chetaev's result.

0

3.12 Exercises

(3.1) Consider the following dynamical system:

X1 = X2
x2 = -x1 + xi - x2
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(a) Find all of its equilibrium points.

(b) For each equilibrium point xe different from zero, perform a change of variables
y = x - xef and show that the resulting system y = g(y) has an equilibrium point
at the origin.

(3.2) Given the systems (i) and (ii) below, proceed as follows:

(a) Find all of their equilibrium points.

(b) Find the linear approximation about each equilibrium point, find the eigenvalues
of the resulting A matrix and classify the stability of each equilibrium point.

(c) Using a computer package, construct the phase portrait of each nonlinear system
and discuss the qualitative behavior of the system. Make sure that your analysis
contains information about all the equilibrium points of these systems.

(d) Using the same computer package used in part (c), construct the phase portrait
of each linear approximation found in (c) and compare it with the results in part
(c). What can you conclude about the "accuracy" of the linear approximations
as the trajectories deviate from the equilibrium points.

J
(Z) ll x2 = x, - 2 tan 1(x1 + x2) , (ii) I x2

23 X2

-x, +x2(1 - 3x1 - 2x2)

(3.3) Consider the magnetic suspension system of Section 1.9.1:

X = g -z M I 2m(1 +µx,)2
1+µx1 Aµ 1X3 =

A
[_+

(1 + px,)2x2x3
+ vj

(a) Find the input voltage v = vo necessary to keep the ball at an arbitrary posi-
tion y = yo (and so x, = yo). Find the equilibrium point xe = [xel , xe2, xe3]
corresponding to this input.

(b) Find the linear approximation about this equilibrium point and analyze its sta-
bility.

(3.4) For each of the following systems, study the stability of the equilibrium point at the
origin:

-X + x,x21
(Z)

f 1 = -X1 - x2x2 , (ii) 2 3-xlx2 - x2l 22 = -X2 - X1X2 22
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(3.5) For each of the following systems, study the stability of the equilibrium point at the
origin:

2
X1 = 12 - 2xl (x2 + x2) { i1 = -11 + 11x2()
:i2 = -xl - 212(x2 + x2) '

(ii)
1 :i2 = -x2

(3.6) Consider the following system:

xl = -x2 + ax1(x2 + x2)
±2 = xl + ax2(x2 + x2)

(a) Verify that the origin is an equilibrium point.

(b) Find the linear approximation about the origin, find the eigenvalues of the re-
sulting A matrix, and classify the stability of the equilibrium point at the origin.

(c) Assuming that the parameter a > 0, use a computer package to study the trajec-
tories for several initial conditions. What can you conclude about your answers
from the linear analysis in part (b)?

(d) Repeat part (c) assuming a < 0.

(3.7) It is known that a given dynamical system has an equilibrium point at the origin.
For this system, a function V(.) has been proposed, and its derivative has been
computed. Assuming that V(.) and are given below you are asked to classify
the origin, in each case, as (a) stable, (b) locally asymptotically stable, (c) globally
asymptotically stable, (d) unstable, and/or (e) inconclusive information. Explain your
answer in each case.

(a) V (x) = (x2 + x2) , V(x) = -x2.
(b) V(x) _ (x2 +x2 -1) , V(x) _ -(x2 +x2).
(c) V(x) = (x2 + x2 - 1)2 , V(x) = -(x2 + x2).

(d) V(x) _ (x2 + x2 -1)2 , V(x) _ (x2 + x2).
(e) V (X) = (x2 + x2 - 1) , V (X) _ (x2 + x2).

(f) V (X) = (x2 - x2) , V (x) = -(x2 + x2)

(g) V (X) _ (x2 - x2) , V (x) _ (x2 + x2)
(h) V (X) = (xl + 12) , V (x) = (x2 - x2)
G) = (xl + 12) ,V (

(X)V (x) = (x2 + x2).
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(3.8) Prove the following properties of class IC and K, functions:

(i) If a : [0, a) -> IRE K, then a-1 : [0, a(a)) --> R E K.

(ii) If al, a2 E K, then al o a2 E K.
(iii) If a E Kim, then a-1 E K.

(iv) If al, a2 E Kim, then a1 o a2 E K.

(3.9) Consider the system defined by the following equations:

xl

(X3
x2+Q31 -xl

105

2 = -x1
Study the stability of the equilibrium point xe = (0, 0), in the following cases:

(i) /3 > 0.

(ii) /3 = 0.

(iii) Q < 0.

(3.10) Provide a detailed proof of Theorem 3.7.

(3.11) Provide a detailed proof of Corollary 3.1.

(3.12) Provide a detailed proof of Corollary 3.2.

(3.13) Consider the system defined by the following equations:

Il = x2
12 = -x2 - axl - (2x2 + 3x1)2x2

Study the stability of the equilibrium point xe = (0, 0).

(3.14) Consider the system defined by the following equations:

(i)

(ii) Study the stability of the origin x = (0, 0).

(iii) Study the stability of the invariant set 1 - (3x1 + 2x2) = 0.

2
11 = 3x2

±2 = -xl + x2(1 - 3x1 - 2x2)

Show that the points defined by (a) x = (0, 0) and (b) 1 - (3x1 + 2x2) = 0 are
invariant sets.
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(3.15) Given the following system, discuss the stability of the equilibrium point at the origin:

X2

xix2 + 2x1x2 + xi

_ -X3 + x2

(3.16) (Lagrange stability) Consider the following notion of stability:

Definition 3.14 The equilibrium point x = 0 of the system (3.1) is said to be bounded
or Lagrange stable if there exist a bound A such that

lx(t)II<A Vt>0.

Prove the following theorem

Theorem 3.13 [49] (Lagrange stability theorem) Let fl be a bounded neighborhood of
the origin and let 1 be its complement. Assume that V(x) : R^ -* R be continuously
differentiable in S2' and satisfying:

(i) V(x) > 0 VxE52C.

(i) V(x) < 0 Vx E Q`.

(i) V is radially unbounded.

Then the equilibrium point at the origin is Lagrange stable.

Notes and References
Good sources for the material of this chapter are References [48], [27], [41] [88] [68]

and [95] among others. The proof of theorem 3.1 is based on Reference [32]. Section 3.7
as well as lemmas 3.4 and 3.5 follow closely the presentation in Reference [95]. Section
3.8 is based on LaSalle, [49], and Khalil, [41]. The beautiful Example 3.20 was taken from
Reference [68].


