
Chapter 5

Feedback Systems

So far, our attention has been restricted to open-loop systems. In a typical control problem,
however, our interest is usually in the analysis and design of feedback control systems.
Feedback systems can be analyzed using the same tools elaborated so far after incorporating
the effect of the input u on the system dynamics. In this chapter we look at several examples
of feedback systems and introduce a simple design technique for stabilization known as
backstepping. To start, consider the system

x = f(x,u) (5.1)

and assume that the origin x = 0 is an equilibrium point of the unforced system ± = f (x, 0).
Now suppose that u is obtained using a state feedback law of the form

u = cb(x)

To study the stability of this system, we substitute (5.2) into (5.1) to obtain

± = f (x, O(x))

According to the stability results in Chapter 3, if the origin of the unforced system (5.3) is
asymptotically stable, then we can find a positive definite function V whose time derivative
along the trajectories of (5.3) is negative definite in a neighborhood of the origin.

It seems clear from this discussion that the stability of feedback systems can be studied
using the same tool discussed in Chapters 3 and 4.
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5.1 Basic Feedback Stabilization

In this section we look at several examples of stabilization via state feedback. These exam-
ples will provide valuable insight into the backstepping design of the next section.

Example 5.1 Consider the first order system given by

we look for a state feedback of the form

u = O(x)

that makes the equilibrium point at the origin "asymptotically stable." One rather obvious
way to approach the problem is to choose a control law u that "cancels" the nonlinear term

ax2. Indeed, setting
u = -ax2 - x

and substituting (5.5) into (5.4) we obtain

±= -x

which is linear and globally asymptotically stable, as desired. 0

We mention in passing that this is a simple example of a technique known as feedback
linearization. While the idea works quite well in our example, it does come at a certain
price. We notice two things:

(i) It is based on exact cancelation of the nonlinear term ax2. This is undesirable since
in practice system parameters such as "a" in our example are never known exactly.
In a more realistic scenario what we would obtain at the end of the design process
with our control u is a system of the form

i=(a-a)x2-x
where a represents the true system parameter and a the actual value used in the
feedback law. In this case the true system is also asymptotically stable, but only
locally because of the presence of the term (a - a)x2.

(ii) Even assuming perfect modeling it may not be a good idea to follow this approach
and cancel "all" nonlinear terms that appear in the dynamical system. The reason
is that nonlinearities in the dynamical equation are not necessarily bad. To see this,
consider the following example.



5.1. BASIC FEEDBACK STABILIZATION 139

Example 5.2 Consider the system given by

Lb =ax2-x3+u

following the approach in Example 5.1 we can set

u ui = -ax 2 + x3 - x

which leads to

Once again, ul is the feedback linearization law that renders a globally asymptotically stable
linear system. Let's now examine in more detail how this result was accomplished. Notice
first that our control law ul was chosen to cancel both nonlinear terms ax2 and -x3. These
two terms are, however, quite different:

The presence of terms of the form x2 with i even on a dynamical equation is never
desirable. Indeed, even powers of x do not discriminate sign of the variable x and
thus have a destabilizing effect that should be avoided whenever possible.

Terms of the form -x2, with j odd, on the other hand, greatly contribute to the
feedback law by providing additional damping for large values of x and are usually
beneficial.

At the same time, notice that the cancellation of the term x3 was achieved by incor-
porating the term x3 in the feedback law. The presence of this variable in the control
input u can lead to very large values of the input. In practice, the physical charac-
teristics of the actuators may place limits on the amplitude of this function, and thus
the presence of the term x3 on the input u is not desirable.

To find an alternate solution, we proceed as follows. Given the system

x= f(x,u) xEr,uE1R, f(0,0)=0
we proceed to find a feedback law of the form

u = q5(x)

such that the feedback system
± = f (x, O(x)) (5.6)

has an asymptotically stable equilibrium point at the origin. To show that this is the case,
we will construct a function Vl = Vl (x) : D -* IR satisfying
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(i) V(0) = 0, and V1(x) is positive definite in D - {0}.

(ii) V1(x) is negative definite along the solutions of (5.6). Moreover, there exist a positive
definite function V2(x) : D --> R+ such that

Vi (x) = ax- l f (x, O(x)) < -V2 (x) Vx E D.

Clearly, if D = ]R" and V1 is radially unbounded, then the origin is globally asymptotically
stable by Theorems 3.2 and 3.3.

Example 5.3 Consider again the system of example 5.2.

=ax2-x3+u
defining Vl(x) = 2x2 and computing V1, we obtain

Vl = x f (x, u)
ax3 - x4 + xu.

In Example 5.2 we chose u = ul = -axe + x3 - x. With this input function we have that

V1 = ax3 - x4 + x(-ax2 + x3 - x) = -x2 'f - V2(x).

It then follows that this control law satisfies requirement (ii) above with V2(x) = x2. Not
happy with this solution, we modify the function V2(x) as follows:

V1 = ax3 - x4 + xu < -V2(x) dEf - (x4 + x2).

For this to be the case, we must have

ax3 - x4 + xu < -x4 - x2
xu < -x2 - ax3 = -x(x + ax2)

which can be accomplished by choosing

u = -x - axe.

With this input function u, we obtain the following feedback system

2 = ax2-x3+u
-x-x3

which is asymptotically stable. The result is global since V1 is radially unbounded and D = R.
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5.2 Integrator Backstepping

Guided by the examples of the previous section, we now explore a recursive design technique
known as backstepping. To start with, we consider a system of the form

= f(x) + g(x)f (5.7)
= U. (5.8)

Here x E ]Rn, E ]R, and [x, e]T E ]Rn+1 is the state of the system (5.7)-(5.8). The function
u E R is the control input and the functions f,g : D -> R" are assumed to be smooth. As
will be seen shortly, the importance of this structure is that can be considered as a cascade
connection of the subsystems (5.7) and (5.8). We will make the following assumptions (see
Figure 5.1(a)):

(i) The function f Rn -> ]Rn satisfies f (0) = 0. Thus, the origin is an equilibrium
point of the subsystem i = f (x).

(ii) Consider the subsystem (5.7). Viewing the state variable as an independent "input"
for this subsystem, we assume that there exists a state feedback control law of the
form

_ Ox), 0(0) = 0

and a Lyapunov function V1 : D -4 IIF+ such that

ov,

x
[f (x) + g(x) - O(x)] < -V,,(x) < 0 Vx E DV1(x) 8

where D R+ is a positive semidefinite function in D.

According to these assumptions, the system (5.7)-(5.8) consists of the subsystem (5.7),
for which a known stabilizing law already exists, augmented with a pure integrator (the
subsystems (5.8)). More general classes of systems are considered in the next section. We
now endeavor to find a state feedback law to asymptotically stabilize the system (5.7)-(5.8).
To this end we proceed as follows:

We start by adding and subtracting g(x)o(x) to the subsystem (5.7) (Figure 1(b)).
We obtain the equivalent system

x = f(x) + g(x)0(x) + g(x)[ - 0(x)1 (5.9)

= U. (5.10)
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Figure 5.1: (a) The system (5.7)-(5.8); (b) modified system after introducing -O(x); (c)
"backstepping" of -O(x); (d) the final system after the change of variables.
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Define

z = - O(x) (5.11)

z = - fi(x) = u- fi(x) (5.12)

where

q= a0x=

ao[f(x)+9(x).]
(5.13)

This change of variables can be seen as "backstepping" -O(x) through the integrator,
as shown in Figure 1(c). Defining

v = z (5.14)

the resulting system is

i = f(x) + 9(x)O(x) + 9(x)z (5.15)

i = v (5.16)

which is shown in Figure 1(d). These two steps are important for the following reasons:

(i) By construction, the system (5.15)-(5.16) is equivalent to the system (5.7)-(5.8).

(ii) The system (5.15)-(5.16) is, once again, the cascade connection of two subsys-
tems, as shown in Figure 1(d). However, the subsystem (5.15) incorporates the
stabilizing state feedback law and is thus asymptotically stable when the
input is zero. This feature will now be exploited in the design of a stabilizing
control law for the overall system (5.15)-(5.16).

To stabilize the system (5.15)-(5.16) consider a Lyapunov function candidate of the
form

V = V (x, ) = Vi (x) + Z z2. (5.17)

We have that

-av,V _ -

[f(x) + 9(x)O(x) + 9(x)z] + ziE---x

_AX f (x) + - a-x g(x)z + zv.
ax

We can choose

v - ((x) + kz) , k > 0 (5.18)
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Thus

V - 8V1
f (x) +E-1 g(x)cb(x) - kz2

ax 8x

al[f(x) + g(x).O(x)] - kz2

< -Va(x) - kz2. (5.19)

It then follows by (5.19) that the origin x = 0, z = 0 is asymptotically stable. More-
over, since z = l; - O(x) and 0(0) = 0 by assumption, the result also implies that
the origin of the original system x = 0, l; = 0 is also asymptotically stable. If all
the conditions hold globally and V1 is radially unbounded, then the origin is globally
asymptotically stable. Finally, notice that, according to (5.12), the stabilizing state
feedback law is given by

u = i + q5 (5.20)

and using (5.13), (5.18), and (5.11), we obtain

u = LO [f (x) + g(x) - k[ -(5.21)
Example 5.4 Consider the following system, which is a modified version of the one in
Example 5.3:

it = axi - x1 + X2 (5.22)

X2 = u. (5.23)

Clearly this system is of the form (5.15)-(5.16) with

x` = xl
S = x2

f(x) = f(xi) = axi - x3

g(x) = 1

Step 1: Viewing the "state" as an independent input for the subsystem (5.15), find a
state feedback control law _ q(x) to stabilize the origin x = 0. In our case we have
it =axi - xi + x2. Proceeding as in Example 5.3, we define

1
V1(xl) = 1xi

Vl(xl) = axi - x1 + x1x2 < -Va(x1)
deI

- (x1 + x1
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which can be accomplished by choosing

x2 = 0(x1) = -XI - axi

leading to

21 = -xl -X3X.

Step 2: To stabilize the original system (5.22)- (5.23), we make use of the control law
(5.21). We have

u
8x [f (x) + g(xX] - -5X 1 g(x) - k[C - O(x)]

= -(1+2axi)[ax2 i-x3 l+x2]-xl-k[x2+xl+ax2i].

With this control law the origin is globally asymptotically stable (notice that Vl is radially
unbounded). The composite Lyapunov function is

V=Vi+2z2 = 2X2+2[x2-O(xl)]2

= 2X2 + 2[x2 - xl + axT.

5.3 Backstepping: More General Cases

In the previous section we discussed integrator backstepping for systems with a state of the
form [x, l;], x E 1R", E 1R, under the assumption that a stabilizing law 0. We now look at
more general classes of systems.

5.3.1 Chain of Integrators

A simple but useful extension of this case is that of a "chain" of integrators, specifically a
system of the form

th = f(x) + g(X)1

41 = 6
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G-1
bk u

Backstepping design for this class of systems can be approached using successive iterations
of the procedure used in the previous section. To simplify our notation, we consider, without
loss of generality, the third order system

= f(x) + 9(x)1 (5.24)

1 = 6 (5.25)

u (5.26)

and proceed to design a stabilizing control law. We first consider the first two "subsystems"

= f(x) + 9(x)1 (5.27)

S1 = 6 (5.28)

and assume that 1 = O(x1) is a stabilizing control law for the system

th = f(x) + g(x)q5(x)

Moreover, we also assume that V1 is the corresponding Lyapunov function for this subsys-
tem. The second-order system (5.27)-(5.28) can be seen as having the form (5.7)-(5.8) with
6 considered as an independent input. We can asymptotically stabilize this system using
the control law (5.21) and associated Lyapunov function V2:

6 = O(x, bl) = aa(x) [f (x) + 9(x) 1] - ax1 g(x) - k > 0

V2 = V1 + 2 [S1 - O(x)]2

We now iterate this process and view the third-order system given by the first three equa-
tions as a more general version of (5.7)-(5.8) with

x= 1 z, f= f f(x)+09(x) 1 1, 9=
L 0 J

Applying the backstepping algorithm once more, we obtain the stabilizing control law:

at(x) . aV2

u = ax xCC- V 9(x[) - k[f2[- O(x)], k > 0

[ C

[a0
OxSl) 90(x, WI [.t ,51]T - [ a 22, a`1 ] [0 , 11T - k[S2 - O(x,i)], k > ol ac,
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or

u = a0(x,W [f (x) +9(x)1] + a0(x,S1)b2 - aV2
- k[l;2 - 0(x,51)], k> 0.

ax al, ail
The composite Lyapunov function is

1V =
CC I CC

= V1 + 2 [S1 - O(x)]2 + 2 [S2 - O(x, bl)]2.

We finally point out that while, for simplicity, we have focused attention on third-order
systems, the procedure for nth-order systems is entirely analogous.

Example 5.5 Consider the following system, which is a modified version of the one in
Example 5.4:

±1 = axi + x2
x2 = x3
X3 = u.

We proceed to stabilize this system using the backstepping approach. To start, we consider
the first equation treating x2 is an independent "input" and proceed to find a state feedback
law O(xi) that stabilizes this subsystem. In other words, we consider the system it =
ax2 2+ O(xi) and find a stabilizing law u = O(x1). Using the Lyapunov function Vl = 1/2x1,
it is immediate that 0(xl) = -xl - axe is one such law.

We can now proceed to the first step of backstepping and consider the first two sub-
systems, assuming at this point that x3 is an independent input. Using the result in the
previous section, we propose the stabilizing law

O(x1,x2)(= x3) =
11)[f(xl)

+9(xl)x2] -
aav,
x19(xl) - k[x2 - O(xl)], k > 0

with associated Lyapunov function

V2 = Vl+_z2

Vl +
1

2
[x2 - 0(xl )]

= VI +

2

[x2 + XI + axi]2.
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In our case

a¢(xl )
ax,

avl

-(1 + 2axi)

x1

=> O(xl, x2) = -(1 + 2ax1) [axi + x2] - x1 - [X2 + x1 + axi]

where we have chosen k = 1. We now move on to the final step, in which we consider the
third order system as a special case of (5.7)-(5.8) with

x=
I

f
L f(x1) Og(x1)x2

9
x2 J J L 0 J

From the results in the previous section we have that

A,I,U = 090(x1, x2)
[f (XI) + 9(xl)x2] +

aO(xl, x2) X3 _ aV2
- k[x3 - W(xl, x2)], k > 0

axi 09x2 09x2

is a stabilizing control law with associated Lyapunov function

V +21

0

5.3.2 Strict Feedback Systems

We now consider systems of the form

f (x) +CC 9(x)S1
CC CC

S1 = fl (x, Si) + 91(x, Sl)SCC2

2 = f2(x,e1,6) + 92(x,6,6)e3

Sk-1 = A-1 (X, 6, S2, Sk-1) + 9k-1(x, SL 61- ' GAG
6 = A(Xi61 2) ...7 G)+A(xi6)6,.,Ck)U

where x E R', Ct E R, and fi, g= are smooth, for all i = 1, , k. Systems of this form
are called strict feedback systems because the nonlinearities f, fzf and gz depend only on
the variables x, C1, that are fed back. Strict feedback systems are also called triangular
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systems. We begin our discussion considering the special case where the system is of order
one (equivalently, k = 1 in the system defined above):

= f(x)+g(x)

= fa(x,0+9a(x,0u.
(5.29)

(5.30)

Assuming that the x subsystem (5.29) satisfies assumptions (i) and (ii) of the backstepping
procedure in Section 5.2, we now endeavor to stabilize (5.29)-(5.30). This system reduces to
the integrator backstepping of Section 5.2 in the special case where f" (x, ) - 0, ga(x, ) - 1.
To avoid trivialities we assume that this is not the case. If ga(x, ) # 0 over the domain of
interest, then we can define

U = O(x, S)
def

9.(x,
1

S)
[Ul - Mx' S)].

Substituting (5.31) into (5.30) we obtain the modified system

Cx = f (x) + 9(xX
41 = t1

(5.31)

(5.32)

(5.33)

which is of the form (5.7)-(5.8). It then follows that, using (5.21), (5.17), and (5.31), the
stabilizing control law and associated Lyapunov function are

9a(x, )
{[f(x)+g(x)] - 19(x) - k1 [ - fi(x)] - fa(x, kl > 0

(5.34)

V2 = V2 (x, S) = Vl (x) + 2 [S -
O(x)]2. (5.35)

We now generalize these ideas by moving one step further and considering the system

[[ = f (x) +[ 9(x)1
[ C

S[[1 = f1(x,S[[1)[[+ 91(x,Sl)S2

S2 = f2(x,S1,S2) + 92(x,1,&)6

which can be seen as a special case of (5.29)-(5.30) with

x= l C1

J
, e=e2, l

f `9 1 ] , 9 = [ 0 ],fa=f2, 9a=92f, 91
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With these definitions, and using the control law and associated Lyapunov function (5.34)-
(5.35), we have that a stabilizing control law and associated Lyapunov function for this
systems are as follows:

02(x, 6, Sz) = 9z 1'x - afi (fi(x)+9t a i91-kz[fz-01]-fz}
k2 > 0 (5.36)

V3 (X, S1, 2) = V2(x) + 2 [6 - 01(x, 1)]2.

The general case can be solved iterating this process.

Example 5.6 Consider the following systems:

(5.37)

x1 = axz - xl + x 2
1 1x2

x2 = XI + x2 + (1 + xz)u.

We begin by stabilizing the x subsystem. Using the Lyapunov function candidate V1 = 1/2x2
we have that

V1 = x1 [ax2 - x1 + x2x2]
3 2 3ax1 - x1 +X 1x2.

Thus, the control law x2 = O(x1) = -(x1 + a) results in

V-(x1+xi)
which shows that the x system is asymptotically stable. It then follows by (5.34)-(5.35)
that a stabilizing control law for the second-order system and the corresponding Lyapunov
function are given by

01(x1, x2)

V2 =

1

(1 + x2)f -(1 +
a)[ax2 - X1 + x2 x2] - xi - k1[x2 + x1 + a] - (x1 + X2)},

2x2+2[x1+x2+a]2.

k1>0



5.4. EXAMPLE 151

8
Figure 5.2: Current-driven magnetic suspension system.

5.4 Example

Consider the magnetic suspension system of Section 1.9.1, but assume that to simplify
matters, the electromagnet is driven by a current source 72, as shown in Figure 5.2. The
equation of the motion of the ball remain the same as (1.31):

AµI2
my = -ky + mg -

2(1 + µy)2 .

Defining states zl = y, X2 = y, we obtain the following state space realization:

X1 = X2 (5.38)

k \I2X2 = 9 - m X2 2m(1 +
px1)2. (5.39)

A quick look at this model reveals that it is "almost" in strict feedback form. It is not in the
proper form of Section 5.3.2 because of the square term in 72. In this case, however, we can
ignore this matter and proceed with the design without change. Notice that I represents
the direct current flowing through the electromagnet, and therefore negative values of the
input cannot occur.

We are interested in a control law that maintains the ball at an arbitrary position
y = yo. We can easily obtain the current necessary to achieve this objective. Setting x1 = 0
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along with it = x2 = 0 in equations (5.38)-(5.39), we obtain

2'm.
Io = µ (1 + µyo)2.

It is straightforward to show that this equilibrium point is unstable, and so we look for a
state feedback control law to stabilize the closed loop around the equilibrium point. We start
by applying a coordinate transformation to translate the equilibrium point to = (yo, 0)T to
the origin. To this end we define new coordinates:

X1 = :i - Yo, = X1=:1
x2 x2 X2 = x2

I2 2mg(1 + µyo)2
Ay

In the new coordinates the model takes the form:

21 = X2 (5.40)

k _ 9(1 + µyo)2 _ Ay (5.41)1'2 9_ mx2
[1 + µ(x1 + yo]2 2m[1 + µ(x1 + yo)]2

u

which has an equilibrium point at the origin with u = 0. The new model is in the form
(5.29)-(5.30) with

x = X1, S = X2, f (X) = 0, 9(x) = 1

k 9(1 + µyo)2 aµ
Mx, 0 = g - mx2 - [1 + µ(x1 + yo]2'

and g. (x,
[1 + µ(x1 + yo]2

.

Step 1: We begin our design by stabilizing the xl-subsystem. Using the Lyapunov function
candidate V1 = 2x? we have

V1 = xjx2

and setting x2 = -x1 we obtain O(x1) _ -xl, which stabilizes the first equation.

Step 2: We now proceed to find a stabilizing control law for the two-state system using
backsteppping. To this end we use the control law (5.34) with

Ap 00
9a = -2m[1 + (xl + yo)]2' 8x [f (x) + 9(x).] = x2

1 2 8V1 -V1 =
2

x1, ex - x1, 9(x) = 1
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k 2

[S - 0(x)] = x1 + x2, Ja(x, S) = 9 -
[1

+ µ(x1+ yo]2 .

Substituting values, we obtain

2 k
u = 01(x1, x2) _

_2m[1 + p(xl + yo)] [_(1+ki)(xi+x2)+_x2,

(1 + µyo)2 1I

+g [1
+ µ(x1 + yo)]2 J

The corresponding Lyapunov function is

V2 = V2(xl, x2) = V1 + 2 [x2 - O(x)12

X 2
)

.

-9

(5.42)

Straightforward manipulations show that with this control law the closed-loop system re-
duces to the following:

xl = -X1
x2 = -(1 + k)(xl + x2)

5.5 Exercises

(5.1) Consider the following system:

r xl=xl+cosxl-1+x2
5l x2 =U

Using backstepping, design a state feedback control law to stabilize the equilibrium
point at the origin.

(5.2) Consider the following system:

{
x1 = x2

x2 = x1 +X3 + x3
X2 = U

Using backstepping, design a tate feedback control law to stabilize the equilibrium
point at the origin.
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(5.3) Consider the following system, consisting of a chain of integrators:

xl = xl + ext - 1 + X2
x2 = X3
X2 =u

Using backstepping, design a state feedback control law to stabilize the equilibrium
point at the origin.

(5.4) Consider the following system:

f it = xl +X 1 + xlx2

ll a2 = xi + (1 + x2)u

Using backstepping, design a state feedback control law to stabilize the equilibrium
point at the origin.

(5.5) Consider the following system:

zl = x1 + x2
{ :2 = x2 ix2 - xi + u

Using backstepping, design a state feedback control law to stabilize the equilibrium
point at the origin.

Notes and References
This chapter is based heavily on Reference [47], with help from chapter 13 of Khalil [41].
The reader interested in backstepping should consult Reference [47], which contains a lot
of additional material on backstepping, including interesting applications as well as the
extension of the backstepping approach to adaptive control of nonlinear plants.


