
Chapter 7
Sliding Control

In this chapter, we consider again the control of nonlinear systems of the general form
studied in chapter 6, but we now allow the models to be imprecise. Model
imprecision may come from actual uncertainty about the plant (e.g., unknown plant
parameters), or from the purposeful choice of a simplified representation of the
system's dynamics (e.g., modeling friction as linear, or neglecting structural modes in
a reasonably rigid mechanical system). From a control point of view, modeling
inaccuracies can be classified into two major kinds:

• structured (or parametric) uncertainties

• unstructured uncertainties (or unmodeled dynamics)

The first kind corresponds to inaccuracies on the terms actually included in the model,
while the second kind corresponds to inaccuracies on (i.e., underestimation of) the
system order.

As discussed earlier, modeling inaccuracies can have strong adverse effects on
nonlinear control systems. Therefore, any practical design must address them
explicitly. Two major and complementary approaches to dealing with model
uncertainty are robust control, which we discuss in this chapter, and adaptive control,
which is the subject of chapter 8. The typical structure of a robust controller is
composed of a nominal part, similar to a feedback linearizing or inverse control law,
and of additional terms aimed at dealing with model uncertainty. The structure of an
adaptive controller is similar, but in addition the model is actually updated during
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operation, based on the measured performance.

A simple approach to robust control, and the main topic of this chapter, is the
so-called sliding control methodology. Intuitively, it is based on the remark that it is
much easier to control lst-order systems (i.e., systems described by lst-order
differential equations), be they nonlinear or uncertain, than it is to control general
/ith-order systems (i.e., systems described by «th-order differential equations).
Accordingly, a notational simplification is introduced, which, in effect, allows
nth-order problems to be replaced by equivalent lst-order problems. It is then easy to
show that, for the transformed problems, "perfect" performance can in principle be
achieved in the presence of arbitrary parameter inaccuracies. Such performance,
however, is obtained at the price of extremely high control activity. This is typically at
odds with the other source of modeling uncertainty, namely the presence of neglected
dynamics, which the high control activity may excite. This leads us to a modification
of the control laws which, given the admissible control activity, is aimed at achieving
an effective trade-off between tracking performance and parametric uncertainty.
Furthermore, in some specific applications, particularly those involving the control of
electric motors, the unmodified control laws can be used directly.

For the class of systems to which it applies, sliding controller design provides a
systematic approach to the problem of maintaining stability and consistent
performance in the face of modeling imprecisions. Furthermore, by allowing the
trade-offs between modeling and performance to be quantified in a simple fashion, it
can illuminate the whole design process. Sliding control has been successfully applied
to robot manipulators, underwater vehicles, automotive transmissions and engines,
high-performance electric motors, and power systems.

The concepts are presented first for systems with a single control input, which
allows us to develop intuition about the basic aspects of nonlinear controller design.
Specifically, section 7.1 introduces the main concepts and notations of sliding control,
and illustrates the associated basic controller designs. Section 7.2 describes
modifications of the control laws aimed at eliminating excessive control activity.
Section 7.3 discusses the choice of controller design parameters. Section 7.4 then
studies generalizations to multi-input systems.

7.1 Sliding Surfaces

Consider the single-input dynamic system

x(") =/(x) + b(x) u (7.1)
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where the scalar x is the output of interest (for instance, the position of a mechanical
system), the scalar u is the control input (for instance, a motor torque), and
x = [JC Jc . . . x(n~^]T is the state vector. In equation (7.1) the function/(x) (in
general nonlinear) is not exactly known, but the extent of the imprecision on /(x) is <
upper bounded by a known continuous function ofx ; similarly, the control gain b(x) is )
not exactly known, but is of known sign and is bounded by known, continuous
functions of x. For instance, typically, the inertia of a mechanical system is only -s
known to a certain accuracy, and friction models only describe part of the actual
friction forces. The control problem is to get the state x to track a specific time-
varying state xrf= [Xrf kd • • • x^"^]^ in the presence of model imprecision on
f(x) and b(x).

For the tracking task to be achievable using a finite control u, the initial desired
state x^(0) must be such that

xd(0) = x(0) (7.2)

In a second-order system, for instance, position or velocity cannot "jump", so that any
desired trajectory feasible from time t = 0 necessarily starts with the same position and
velocity as those of the plant. Otherwise, tracking can only be achieved after a
transient.

7.1.1 A Notational Simplification

Let x=x-xdbe the tracking error in the variablex, and let

be the tracking error vector. Furthermore, let us define a time-varying surface Sit) in
the state-space R(") by the scalar equation s(x\t) = 0 , where ?

'i
n-\

x (7.3) i

and A. is a strictly positive constant, whose choice we shall interpret later. For
instance, if n = 2 ,

s - x + Xx

i.e., s is simply a weighted sum of the position error and the velocity error; if n = 3 , £

s = x + 2Xx + X^x

I
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Given initial condition (7.2), the problem of tracking x = xd is equivalent to that of
remaining on the surface S(t)for all t>0 ; indeed s = 0 represents a linear differential
equation whose unique solution is x = 0, given initial conditions (7.2). Thus, the
problem of tracking the n-dimensional vector x^ can be reduced to that of keeping the
scalar quantity s at zero.

More precisely, the problem of tracking the ^-dimensional vector xd (i.e., the
original «th-order tracking problem in x) can in effect be replaced by a lst-order
stabilization problem in .y. Indeed, since from (7.3) the expression of s contains
J(«-1), we only need to differentiate s once for the input u to appear.

Furthermore, bounds on s can be directly translated into bounds on the tracking
error vector x, and therefore the scalar s represents a true measure of tracking
performance. Specifically, assuming that x(0) = 0 (the effect of non-zero initial
conditions in x can be added separately), we have

V t > 0 , | s(t) | < <t> => V t > 0 , 13t«(r) | < (2X)' e (7.4)

i = 0,. . . , n-\

1
P + X

1
p + X p + X

n -1 blocks

Figure 7.1.a : Computing bounds on x

where e = O / X"~l . Indeed, by definition (7.3), the tracking error x is obtained from
s through a sequence of first-order lowpass filters (Figure 7.1.a, where p = (d/dt) is the
Laplace operator). Let yl be the output of the first filter. We have

y[(t)= ['e-
^ o

From \s\ <O we thus get

\yx(t)\ < O

We can apply the same reasoning to the second filter, and so on, all the way to
Jn_j = x . We then get
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| x | < = e

Similarly, JC^ can be thought of as obtained through the sequence of Figure 7.1.b.
From the previous result, one has | Zj | < <E>A."~'~' , where zl is the output of the
in - i - l) th filter. Furthermore, noting that

p _p + X-X_ j _ X
p+X p + X p + X

P + x

n - i -1 blocks

J V.

1
p+X

z V
p+X

-0)

i blocks

Figure 7.1.b : Computing bounds on

one sees that the sequence of Figure 7.1.b implies that

i.e., bounds (7.4). Finally, in the case that x(0)^0, bounds (7.4) are obtained
asymptotically, i.e., within a short time-constant (n - 1)/A,.

Thus, we have in effect replaced an «th-order tracking problem by a lst-order
stabilization problem, and have quantified with (7.4) the corresponding
transformations of performance measures.

The simplified, lst-order problem of keeping the scalar s at zero can now be
achieved by choosing the control law u of (7.1) such that outside of Sit)

2 dt
(7.5)

where r\ is a strictly positive constant. Essentially, (7.5) states that the squared
"distance" to the surface, as measured by s2 , decreases along all system trajectories.
Thus, it constrains trajectories to point towards the surface 5(0, as illustrated in Figure
7.2. In particular, once on the surface, the system trajectories remain on the surface.
In other words, satisfying condition (7.5), or sliding condition, makes the surface an
invariant set. Furthermore, as we shall see, (7.5) also implies that some disturbances
or dynamic uncertainties can be tolerated while still keeping the surface an invariant
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set. Graphically, this corresponds to the fact that in Figure 7.2 the trajectories off the
surface can "move" while still pointing towards the surface. S(t) verifying (7.5) is
referred to as a sliding surface, and the system's behavior once on the surface is called
sliding regime or sliding mode.

Figure 7.2 : The sliding condition

The other interesting aspect of the invariant set 5(0 is that once on it, the system
trajectories are defined by the equation of the set itself, namely

n-\

dt
x = 0

In other words, the surface S(t) is both a place and a dynamics. This fact is simply the
geometric interpretation of our earlier remark that definition (7.3) allows us, in effect,
to replace an «th-order problem by a lst-order one.

Finally, satisfying (7.5) guarantees that if condition (7.2) is not exactly verified,
i.e., if x(r=0) is actually off x^t=0), the surface S(t) will nonetheless be reached in a
finite time smaller than \s(t=0)\/r\. Indeed, assume for instance that s(t=O) > 0, and let
'reach '3e t n e ^me required to hit the surface s = 0. Integrating (7.5) between
/ = 0 and t = treach leads to

0-s(t=0) = s(t=tKach) - lv(f=O)<-Ti(/reach-O)
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which implies that

'reach < s(f=O)/T\

One would obtain a similar result starting with s{t=0) < 0 , and thus

rreach < |s(r=O)|/Ti *

Furthermore, definition (7.3) implies that once on the surface, the tracking error tends
exponentially to zero, with a time constant (n - 1)A, (from the sequence of (n - 1)
filters of time constants equal to I/A,).

The typical system behavior implied by satisfying sliding condition (7.5) is ''
illustrated in Figure 7.3 for n = 2. The sliding surface is a line in the phase plane, of
slope - X and containing the (time-varying) point \d = [xd xrf]

r. Starting from any .
initial condition, the state trajectory reaches the time-varying surface in a finite time ijk
smaller than |s(?=0)|/r|, and then slides along the surface towards xd exponentially,
with a time-constant equal to Ifk.

finite-time
reaching phase

sliding mode
exponential convergence

Figure 7.3 : Graphical interpretation of equations (7.3) and (7.5) (n = 2)

In summary, the idea behind equations (7.3) and (7.5) is to pick-up a well-
behaved function of the tracking error, s, according to (7.3), and then select the
feedback control law u in (7.1) such that s2 remains a Lyapunov-like function of the
closed-loop system, despite the presence of model imprecision and of disturbances.
The controller design procedure then consists of two steps. First, as will be illustrated
in section 7.1.3, a feedback control law u is selected so as to verify sliding condition
(7.5). However, in order to account for the presence of modeling imprecision and of

1
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disturbances, the control law has to be discontinuous across S(t). Since the
implementation of the associated control switchings is necessarily imperfect (for
instance, in practice switching is not instantaneous, and the value of s is not known
with infinite precision), this leads to chattering (Figure 7.4). Now (with a few
important exceptions that we shall discuss in section 7.1.4), chattering is undesirable
in practice, since it involves high control activity and further may excite high-
frequency dynamics neglected in the course of modeling (such as unmodeled
structural modes, neglected time-delays, and so on). Thus, in a second step detailed in
section 7.2, the discontinuous control law u is suitably smoothed to achieve an optimal
trade-off between control bandwidth and tracking precision: while the first step
accounts for parametric uncertainty, the second step achieves robustness to high-
frequency unmodeled dynamics.

chattering

Figure 7.4 : Chattering as a result of imperfect control switchings

7.1.2 * Filippov's Construction of the Equivalent Dynamics

The system's motion on the sliding surface can be given an interesting geometric
interpretation, as an "average" of the system's dynamics on both sides of the surface.

The dynamics while in sliding mode can be written as

5 = 0 (7.6)

By solving the above equation formally for the control input, we obtain an expression
for u called the equivalent control, ue(, , which can be interpreted as the continuous
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control law that would maintain s = 0 if the dynamics were exactly known. For
instance, for a system of the form

x=f+ u

we have

and the system dynamics while in sliding mode is, of course,

Geometrically, the equivalent control can be constructed as

ueq = a u+ + (1 - a) u_ (7.7)

i.e., as a convex combination of the values of u on both sides of the surface S(t). The
value of a can again be obtained formally from (7.6), which corresponds to requiring
that the system trajectories be tangent to the surface. This intuitive construction is
summarized in Figure 7.5, where f+ = [ x f + u+]T , and similarly
f_ = [x f + u_]T and feq = [x f + ueq]. Its formal justification was derived in
the early 1960's by the Russian mathematician A. F. Filippov.

s<0

s>0

Figure 7.5 : Filippov's construction of the equivalent dynamics in sliding mode

Recalling that the sliding motion on the surface corresponds to a limiting
behavior as control switchings occur infinitely fast, the formal solution a of (7.6) and
(7.7) can be interpreted as the average "residence time" of the trajectory on the side
s>0.

JL
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7.1.3 Perfect Performance - At a Price

Given the bounds on uncertainties on /(x) and b(x), constructing a control law to
verify the sliding condition (7.5) is straightforward, as we now illustrate.

A BASIC EXAMPLE

Consider the second-order system

x=f+u (7.8)

where u is the control input, x is the (scalar) output of interest, and the dynamics /
(possibly nonlinear or time-varying) is not exactly known, but estimated a s / . The
estimation error on/is assumed to be bounded by some known function F — F(x,x):

\f~f\<F (7.9)

For instance, given the system

x + a(i) x 2 cos 3x = u (7.10)

where a(t) is unknown but verifies

1 <a(t)<2

one has

/ = -1.5x2cos3x F = 0.5 x2 | cos 3x |

In order to have the system track x(t) s xj^t), we define a sliding surface s = 0
according to (7.3), namely:

s = (— + X)x = i + Xx (7.11)

\dt /

We then have:

s = x-x{/+Xx=f+u-x^ + Xx (7.12)

The best approximation u of a continuous control law that would achieve s = 0 is thus

u = -f +xd-l3c (7.13)
Note that in terms of the discussion of section 7.1.2, u can be interpreted as our best
estimate of the equivalent control. In order to satisfy sliding condition (7.5) despite
uncertainty on the dynamics / , we add to u a term discontinuous across the surface
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5 = 0 :

u = u-k&gn(s) (7.14)

where sgn is the sign function:

sgn(s) = + 1 if i > 0
sgn(s) = - 1 if s < 0

By choosing k = k(x,x) in (7.14) to be large enough, we can now guarantee that (7.5)
is verified. Indeed, we have from (7.12)-(7.14)

s = (f-f)s - k\s\
dt

so that, letting

k = F + r\ (7.15)

we get from (7.9)

as desired. Note from (7.15) that the control discontinuity k across the surface s = 0
A

increases with the extent of parametric uncertainty. Also, note that/ and F need not
depend only on x or x . They may more generally be functions of any measured
variables external to system (7.8), and may also depend explicitly on time.

We can see on this basic example one of the main advantages of transforming
the original tracking control problem into a simple first-order stabilization problem in
s. Namely, the intuitive feedback control strategy "if the error is negative, push hard
enough in the positive direction (and conversely)" actually works for first-order
systems (recall also Example 3.9). It does not for higher-order systems.

INTEGRAL CONTROL

A similar result would be obtained by using integral control, i.e., formally letting
([' x(r) dr) be the variable of interest. The system (7.8) is now third-order relative to

this variable, and (7.3) gives:

We then obtain, instead of (7.13),
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u = —f + xj — 2 A, x — 7? x

with (7.14) and (7.15) formally unchanged. Note that f'xdr can be replaced by

f' x dr, i.e., the integral can be defined to within a constant. The constant can be
chosen to obtain s(t=0) = 0 regardless of x^(0), by letting

: = 2 + 2Xx + X2j'x dr - 3?(0)

GAIN MARGINS

Assume now that (7.8) is replaced by

x=f+bu (7.16)

where the (possibly time-varying or state-dependent) control gain b is unknown but of
known bounds (themselves possibly time-varying or state-dependent)

0 < bmin <b<bmax (7.17)

Since the control input enters multiplicatively in the dynamics, it is natural to choose
A

our estimate b of gain b as the geometric mean of the above bounds:

b = (bmjnbmax)
l/2

Bounds (7.17) can then be written in the form
A

P"'< £ <p (7.18)
b

where

Since the control law will be designed to be robust to the bounded multiplicative
uncertainty (7.18), we shall call (3 the gain margin of our design, by analogy to the
terminology used in linear control. Note that (3 may be time-varying or state-
dependent, and that we also have

Also note that the uncertainty on b may come directly in the form (7.18), e.g., if the
control action u itself is generated by a linear dynamic system.
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With 5 and u defined as before, one can then easily show that the control law

u = b~l[u-ksgn(s)] (7.19)

with

k > P(F + iD + ( p - l ) | « | (7.20)

satisfies the sliding condition. Indeed, using (7.19) in the expression of s leads to

s = (f- bb~l / ) + (1 - btrx){-xd + Ai) - bb~lk sgn(s)

so that k must verify

k > | bb-lf-f + (bb-{ - l)(-xd + Xk) | + r ^ " 1

A A A

Since/=/ + ( / - / ), where \f-f I < F, this in turn leads to

b

k > bb~x F + r\bb~: + \bb~l -l\-\f-xd +

and thus to (7.20). Note that the control discontinuity has been increased in order to

account for the uncertainty on the control gain b.

Example 7.1: A simplified model of the motion of an underwater vehicle can be written

mx + cx{x\ = u (7.21)

where x defines position, w is the control input (the force provided by a propeller), m is the mass

of the vehicle (including the so-called added-mass, associated with motion in a fluid), and c is a

drag coefficient. In practice, m and c are not known accurately, because they only describe

loosely the complex hydrodynamic effects that govern the vehicle's motion.

Defining s as s = x + Xx , computing i explicitly, and proceeding as before, a control law

satisfying the sliding condition can be derived as

u = m( Xj -Xx) + cx\x\-k sgn i (7.22)

with

k = (F+$r\) + m{$-l)\xd-lJc\ (7.23)

Note that expression (7.23) is "tighter" than the general form (7.20), reflecting the simpler

structure of parametric uncertainty: intuitively, u can compensate for c x | x | directly, regardless

of the uncertainty on m. In general, for a given problem, it is a good idea to quickly rederive a

control law satisfying the sliding condition, rather than apply some pre-packed formula. D

It is useful to pause at this point, and wonder whether a different control action,

i
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obtained by some other method, could achieve the same task. The answer to this
question is that, given a feasible desired trajectory, there is a unique smooth control
time-function that tracks it exactly, namely

[xd-f(xd)] (7.24)

Thus, whatever the method, the resulting control time-function will be the same, and
therefore using this particular approach simply provides a straightforward way of
arriving at that time-function. Because we require perfect tracking to be achieved even
in the presence of parametric uncertainty, this time-function is constructed through a
process of averaging infinitely fast discontinuous switchings, into what we called in
section 7.1.2 the equivalent control, which is precisely (7.24).

Control laws which satisfy sliding condition (7.5), and thus lead to "perfect"
tracking in the face of model uncertainty, are discontinuous across the surface S(t),
thus leading in practice to control chattering. In general, chattering is highly
undesirable, since it involves extremely high control activity, and furthermore may
excite high-frequency dynamics neglected in the course of modeling. In section 7.2,
we shall show how to modify the switching control laws derived above so as to
eliminate chattering.

In specific (if exceptional) applications, however, control chattering is
acceptable, and the pure switching control laws derived above can yield extremely
high performance. We now discuss such direct applications of the previous
development.

7.1.4 Direct Implementations of Switching Control Laws

The main direct applications of the above switching controllers include the control of
electric motors, and the use of artificial dither to reduce stiction effects.

SWITCHING CONTROL IN PLACE OF PULSE-WIDTH MODULATION

In pulse-width modulated electric motors, the control input u is an electrical voltage
rather than a mechanical force or acceleration. Control chattering may then be
acceptable provided it is beyond the frequency range of the relevant unmodeled
dynamics. Provided that the necessary computations (including both control law and
state estimation) can be handled on-line at a high enough rate, or implemented using
analog circuitry, pure sliding mode control using switched control laws can be a viable
and extremely high-performance option.
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SWITCHING CONTROL WITH LINEAR OBSERVER

The difficulty in obtaining meaningful state measurements at very high sampling rates
can be turned around by using state observers. For linear systems, the design of such
observers is well known and systematic. The principle of the approach to designing a
switching controller using an observer is then very simple. Instead of tracking the
surface 5 = 0, the system is made to track the surface se = 0, where se is obtained by
replacing the state x by its estimate xe in the expression of s. This can be achieved by
computing a dynamic compensation term ue based on the available state estimates,
and using switching terms of the form - k(xe) sgn(se), where k(xe) is chosen large
enough to compensate both for parametric inaccuracies and for observer inaccuracies.
This yields se -> 0 (as t —> °°). Then, if the observer has been properly designed so
that it converges despite modeling uncertainties (which, again, is easy to achieve in
the linear case), we also have s —> se . Therefore, s —» 0, and the actual state
converges towards the desired state. Furthermore, sliding mode and its robust
properties are maintained on the surface se = 0, which tends towards the desired
sliding surface as the observer converges.

SWITCHING CONTROL IN PLACE OF DITHER

When uncertainty consists of effects small in magnitude but difficult to model, such as
stiction or actuator ripple, switching in s may be advantageously used in place of a
more standard "dither" signal. Ideally, the frequency of the switching should be
chosen well beyond that of significant structural vibration modes (in mechanical
systems), while remaining below the actuators' bandwidth. This assumes again that
meaningful state estimates can be provided at the selected switching frequency. Such
an approach can particularly improve the quality of low-speed behavior, which
otherwise is extremely sensitive to friction.

The examples above represent the few specific applications where chattering
can be tolerated and actually exploited. In the general case, however, the question is
how to derive control laws that maintain the system close to the surface 5 = 0 while
avoiding chattering altogether. This is the subject of the next section.

7.2 Continuous Approximations of Switching Control Laws

In general, chattering must be eliminated for the controller to perform properly. This
can be achieved by smoothing out the control discontinuity in a thin boundary layer
neighboring the switching surface

B{t) = (x, Kx;0l<<&) $ > 0 (7.25)

1
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s = 0

Figure 7.6.a : The boundary layer

where O is the boundary layer thickness, and e = <$>ftin~l is the boundary layer width,
as Figure 7.6.a illustrates for the case n = 2. In other words, outside of B(t), we choose
control law u as before {i.e., satisfying sliding condition (7.5)), which guarantees that
the boundary layer is attractive, hence invariant: all trajectories starting inside B(t=0)
remain inside B(t) for all r > 0 ; and we then interpolate u inside B(t) - for instance,
replacing in the expression of u the term sgn(j) by s/<3>, inside B(t), as illustrated in
Figure 7.6.b.

Given the results of section 7.1.1, this leads to tracking to within a guaranteed
precision e (rather than "perfect" tracking), and more generally guarantees that for all
trajectories starting inside B(t=0)

V t > 0 , | < (2X)' e i = 0, ... , n - l

Example 7.2: Consider again the system (7.10), and assume that the desired trajectory is
xd= sin(;ir/2).

Figure 7.7 shows the tracking error and control law using the switched control law (with
A 20 01)

u = u~k sgn(.s)

= 1.5 x2 cos 3x + xd - 20 1 - ( 0.5 x2 | cos 3x | + 0.1) sgn[ j + 20 x]
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Figure 7.6.b : Control interpolation in the boundary layer

at a sampling rate of 1 kHz. The actual value of a(t) used in the simulations is a(f) = |sinf| + 1

(which verifies the assumed bound on a(t)). We see that tracking performance is excellent, but is

obtained at the price of high control chattering.

Assume now that we interpolate the above control input in a thin boundary layer of thickness

0.1

u = u - k sat(s/<t>)

= 1.5 x2 cos 3x + xd- 20 i - (0.5 x2 | cos 3x | + 0.1) sat[(j? + 20 x)/0.1 ]

As shown in Figure 7.8, the tracking perfomiance, while not as "perfect" as above, is still very

good, and is now achieved using a smooth control law. Note that the bounds on tracking error are

consistent with (7.25). D

6.0

4.0

2.0

0.0

-2.0

-4.0
0.0 1.0 2.0 3.0 4.0

time(sec)
3.0 4.0
time(sec)

Figure 7.7 : Switched control input and resulting tracking performance

i
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Figure 7.8 : Smooth control input and resulting tracking performance

The intuitive understanding of the effect of control interpolation in a boundary
layer can be carried on further, and guide the selection of the design parameters A, and
<I>. As we now show, the smoothing of control discontinuity inside B(t) essentially
assigns a lowpass filter structure to the local dynamics of the variable s, thus
eliminating chattering. Recognizing this filter-like structure then allows us, in
essence, to tune up the control law so as to achieve a trade-off between tracking
precision and robustness to unmodeled dynamics. Boundary layer thickness <B can be
made time-varying, and can be monitored so as to well exploit the control "bandwidth"
available. The development is first detailed for the case p = 1 (no gain margin), and
then generalized.

A

Consider again the system (7.1) with b = b=l. In order to maintain
attractiveness of the boundary layer now that <P is allowed to vary with time, we must
actually modify condition (7.5). Indeed, we now need to guarantee that the distance to
the boundary layer always decreases

=> _ [ J -
_d
df'

< -r\

S<-<P => —\_S- {-<!>)[ > T\
dt

Thus, instead of simply requiring that (7.5) be satisfied outside the boundary layer, we
now require that (combining the above equations)

=> I £ J 2 < ( O -
2 dt

(7.26)

The additional term O |$| in (7.26) reflects the fact that the boundary layer attraction
condition is more stringent during boundary layer contraction (O < 0) and less
stringent during boundary layer expansion (<t> > 0). In order to satisfy (7.26), the
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quantity -<D is added to control discontinuity gain fc(x) , i.e., in our smoothed
implementation the term k(\) sgn(s) obtained from switched control law u is actually

— f 1
replaced by k (x) sat(s/<t>), where

k (x) = fc(x) - <t> (7.27)

and sat is the saturation function, which can be formally defined as

sat(>>) = y if\y\<l

sat(y) = sgn(>>) otherwise

Accordingly, control law u becomes:

u - u - k (x) sat(s/<l>)

Let us now consider the system trajectories inside the boundary layer, where
they lie by construction: they can be expressed directly in terms of the variable s as

S = -F(x) ^ - A/(x) (7.28)

AA

where A / = / - / . Now since k and A/are continuous in x, we can exploit (7.4) to
rewrite (7.28) in the form

s = - ~k(xd) ^ + ( - A/(xd) + O(e)) (7.29)

We see from (7.29) that the variable s (which is a measure of the algebraic distance to
the surface S(t)) can be viewed as the output of a first-order filter, whose dynamics
only depends on the desired state xJJ), and whose inputs are, to the first order,
"perturbations," i.e., uncertainty A/(x^). Thus, chattering can indeed be eliminated, as
long as high-frequency unmodeled dynamics are not excited. Conceptually, the
structure of the closed-loop error dynamics can be summarized by Figure 7.9:
perturbations are filtered according to (7.29) to give s, which in turn provides tracking
error x by further lowpass filtering, according to definition (7.3). Control action u is a
function of x and xd. Now, since X is the break-frequency of filter (7.3), it must be
chosen to be "small" with respect to high-frequency unmodeled dynamics (such as
unmodeled structural modes or neglected time delays). Furthermore, we can now tune
the boundary layer thickness <& so that (7.29) also represents a first-order filter of

1
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bandwidth L It suffices to let

which can be written from (7.27) as

<T> + A.O = k(xd)

(7.30)

(7.31)

1 order filter
(7-29)

1

(P+X)"-1

CHOICE OF <P DEFINITION OF s

Figure 7.9 : Structure of the closed-loop error dynamics

Equation (7.31) defines the desired time-history of boundary layer thickness <J>, and, in
the light of Figure 7.9, shall be referred to as the balance condition. Intuitively, it
amounts to tuning up the closed-loop system so that it mimics an «tn order critically
damped system. Furthermore, definition (7.27) can then be rewritten as

k (x) = k(x) - k(xd) + X® (7.32)

The s-trajectoiy, i.e., the variation of s with time, is a compact descriptor of the
closed-loop behavior: control activity directly depends on s, while by definition (7.3)
tracking error x is merely a filtered version of s. Furthermore, the s-trajectory
represents a time-varying measure of the validity of the assumptions on model
uncertainty. Similarly, the boundary layer thickness <J> describes the evolution of
dynamic model uncertainty with time. It is thus particularly informative to plot
s(t), ®(t), and - <t>(r) on a single diagram, as illustrated in Figure 7.10.

Example 7.3: Consider again the system described by (7.10). The complete control law is now

u = xd-Xx + 1.5 x2 cos 3x - (0.5 x21 cos 3x | + r| - 4>) sat[(? + Xx)/<t>]

with 4> = - X$> + (0.5 xd
2 | cos 3xd | +1|)

and, assuming e.g., that xjifi) = 0 initially, 0(0) = r\/X . As in Example 7.2, we let T] = 0.1 and

X — 20 . Typically, the arbitrary constant T| (which, formally, reflects the time to reach the

boundary layer starting from the outside) is chosen to be small as compared to the average value

of k(\d), so as to fully exploit our knowledge of the structure of parametric uncertainty. The
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Figure 7.10 : The ^-trajectories can convey much information on a single plot

value of X is selected based on the frequency range of unmodeled dynamics, as we shall discuss

later.

The tracking error, control input, and ^-trajectories are plotted in Figure 7.11 for the same

desired trajectory xd = sin(7U/2) as in Example 7.2. We see that while the maximum value of the

time-varying boundary layer thickness <J> is the same as that originally chosen (purposefully) as

the constant value of O in Example 7.2, the tracking error is consistently better (up to 4 times

better) than that in Example 7.2, because varying the thickness of the boundary layer allows us to

make better use of the available bandwidth. C\

1.0 2.0 3.0 4.0
time(sec)

1.0 2.0 3.0 4.0
time(sec)

Figure 7.11a : Control input and resulting tracking performance
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Figure 7.11b : ^-trajectories with time-varying boundary layers

In the case that p •£ 1, one can easily show that (7.31) and (7.32) become (with

=> (7.33)

=> Pi
with initial condition 0(0) defined as:

Indeed, in order to satisfy (7.26) in the presence of uncertainty (3 on the control gain we let

6 => k~(x) = k(x) - O/p

=> T(x) = *(x) - P 4>

Furthermore, the balance condition can be written, instead of (7.30), as

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

that is,

k (xd) =
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Applying this relation to (7.36), (7.37) leads to the desired behavior of <I>:

=> ^
Vd

which we can combine with (7.36)-(7.37) and rewrite as (7.33)-(7.34). Finally, remark that if

(3 = (5̂  , one has

k (x) = (k (x) - k (xrf)) + k (xd) = k(x) - k(xd)

Note that the balance conditions (7.33) and (7.34) imply that <J> and thus x are
bounded for bounded xd.

The balance conditions have a simple and intuitive physical interpretation:
neglecting time constants of order I/A., they imply that

that is

(bandwidth)" x (tracking precision)
= (parametric uncertainty measured along the desired trajectory)

Such trade-off is quite similar to the situation encountered in linear time-invariant
systems, but here applies to the more general nonlinear system structure (7.1), all
along the desired trajectory. In particular, it shows that, in essence, the balance
conditions specify the best tracking performance attainable, given the desired control
bandwidth and the extent of parameter uncertainty. Similarly, expression (7.20)
allows one to easily quantify the trade-off between accuracy and speed along a given
path, for instance.

Example 7.4: Let us consider again the underwater vehicle of Example 7.1, and smoothen the

control input using time-varying boundary layer, as described above. The a priori bounds on m

and c are

1 < m < 5 0.5<c<1.5

and, accordingly,
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The actual values used in the simulation are

1.5sin(liU) c= 1.2 + .2sin(lilr)

which are used as a metaphor of the complexity of the actual hydrodynamic effects. We let

i^=0.1 and X = 10.

The desired trajectory consists of a constant-acceleration phase at 2 m/s2 for two seconds, a

constant-velocity phase (at 4 m/s) for two seconds, and a constant-acceleration phase at - 2 m/s2

for two seconds. The corresponding tracking error, control input, and s-trajectories are plotted in

Figure 7.12. •

§

0 -

-10
0.0 1.0 2.0 3.0 4.0 5.0 6.0

time(sec)
0.0 1.0 2.0 3.0 4.0 5.0 6.0

time(sec)

Figure 7.12a : Control input and resulting tracking performance

0.0 1.0 2.0 4.0 5.0 6.0
timefsecl

Figure 7.12b : ^-trajectories with time-varying boundary layers
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REMARKS

Chap. 7

(i) The desired trajectory xd must itself be chosen smooth enough not to excite
the high-frequency unmodeled dynamics.

(ii) An argument similar to that of the above discussion shows that the choice of
dynamics (7.3) used to define sliding surfaces is the "best-conditioned" among linear
dynamics, in the sense that it guarantees the best tracking performance given the
desired control bandwidth and the extent of parameter uncertainty.

(iii) If the model or its bounds are so imprecise that F can only be chosen as a

large constant, then <j> from (7.31) is constant and large, so that the term k sat(s/(j>)
simply equals X s/P in the boundary layer, and therefore acts as a simple P.D.: there is
no free lunch.

(iv) A well-designed controller should be capable of gracefully handling
exceptional disturbances, i.e., disturbances of intensity higher than the predicted
bounds which are used in the derivation of the control law. For instance, somebody
may walk into the laboratory and push violently on the system "to see how stiff it is";
an industrial robot may get jammed by the failure of some other machine; an actuator
may saturate as the result of the specification of an unfeasible desired trajectory. If
integral control is used in such cases, the integral term in the control action may
become unreasonably large, so that once the disturbance stops, the system goes
through large amplitude oscillations in order to return to the desired trajectory. This
phenomenon, known as integrator windup, is a potential cause of instability because
of saturation effects and physical limits on the motion. It can be simply avoided by
stopping integration (i.e. maintaining the integral term constant) as long as the system
is outside the boundary layer. Indeed, under normal circumstances the system does
remain in the boundary layer; on the other hand, when the conditions return to normal
after an exceptional disturbance, integration can resume as soon as the system is back
in the boundary layer, since the integral term is defined to within an arbitrary constant.

(v) In the case that X is time-varying (as further discussed in the next section),
the term

u =-Xx

should be added to the corresponding u, while augmenting gain k{\) accordingly by
the quantity | u |((3 - 1).

The degree of simplification in the system model may be varied according to
the on-line computing power available: in essence, the balance conditions quantify the
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trade-off between model precision and tracking accuracy, as further detailed next.
Furthermore, the ^--trajectories provide a measure of the validity of the assumptions
on model uncertainty and of the adequacy of bound simplifications.

7.3 The Modeling/Performance Trade-Offs

The balance conditions (7.33)-(7.34) have practical implications in terms of
design/modeling/performance trade-offs. Neglecting time-constants of order I/A.,
conditions (7.33) and (7.34) imply that

(7.39)

as noticed in section 7.2. If we now consider the structure of control law (7.19), we
see that the effects of parameter uncertainty on / have been "dumped" in gain k.
Conversely, better knowledge of/reduces k by a comparable quantity. Thus (7.39) is
particularly useful in an incremental mode, i.e., to evaluate the effects of model
simplification (or conversely of increased model sophistication) on tracking
performance:

(7.40)

In particular, marginal gains in performance are critically dependent on control
bandwidth X: if large X's are available, poor dynamic models may lead to respectable
tracking performance, and conversely large modeling efforts produce only minor
absolute improvements in tracking accuracy.

It is of course not overly surprising that system performance be very sensitive to
control bandwidth A. : (7.1) only represents part of the system dynamics - e.g., its
rigid-body component - while X accounts for the unmodeled part. In the right-hand
side of (7.40), the effects of parametric uncertainty in (7.1) are reflected in the
numerator, while the presence of dynamics neglected in the model is reflected in the
denominator, since it both translates into the order n of the model, and imposes upper
bounds on the choice of X.

Thus, given model (7.1), a key question is to determine how large X can be
chosen. Although the tuning of this single scalar may in practice be done
experimentally, considerable insight on the overall design can be obtained by
explicitly analyzing the various factors limiting X. In mechanical systems, for
instance, given clean measurements, X is typically limited by three factors:

(i) structural resonant modes: X must be smaller than the frequency Vg of the
lowest unmodeled structural resonant mode; a reasonable interpretation of this
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constraint is, classically

- ^-R °* -j VR

Chap. 7

(7.41)

although in practice this bound may be modulated by engineering judgment, taking
notably into account the natural damping of the structural modes. Furthermore, it
may be worthwhile in certain cases to account for the fact that XR may actually
vary with the task (e.g., given configuration or loads).

(ii) neglected time delays: along the same lines, we have a condition of the
form

J (7.42)

when T^ is the largest unmodeled time-delay (for instance in the actuators).

(iii) sampling rate: with a full-period processing delay, one gets a condition of
the form

^sampling (7.43)

where vsam lin is the sampling rate.

The desired control bandwidth X is the minimum of the three bounds (7.41)-(7.43).
Bound (7.41) essentially depends on the system's mechanical properties, while (7.42)
reflects limitations on the actuators, and (7.43) accounts for the available computing
power. Ideally, the most effective design corresponds to matching these limitations,
i.e., having

«XA^XS = X (7.44)

Now (7.41) and (7.42) are "hard" limitations, in the sense that they represent
properties of the hardware itself, while (7.43) is "soft" as far as it reflects the
performance of the computer environment and the complexity of the control
algorithm. Assume for instance that bound (7.43) is the most stringent, which means
that the system's mechanical potentials are not fully exploited. This may typically
occur in modern high-performance robots (such as direct-drive arms) which feature
high mechanical stiffness and high resonant frequencies. It may be worthwhile, before
embarking in the development of dedicated computer architectures, to first consider
simplifying the dynamic model used in the control algorithm. This in turn allows one
to replace X = XS\OVJ by a larger X = A.fast which varies inversely proportionally to the
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required computation time. From (7.40) and assuming that neither of bounds (7.41) or
(7.42) is hit in the process, this operation is beneficial as long as

_ , ( 7 . 4 5 )

Conversely, equality in (7.45) defines the threshold at which model simplification
starts degrading performance despite gains in sampling rate. This threshold is rarely
reached in practice: even assuming that marginal gains in model precision depend
linearly on the computation time involved, X~2 still varies as the square of the
required sampling period. Thus it is often advisable to reduce model complexity until
computation can be achieved at a rate fully compatible with the mechanical
capabilities of the arm, in other words until \$ is no longer the "active" limit on X.
The performance increase resulting from this simple operation may in turn be
adequate and avoid major development efforts on the computer hardware.

The trade-off between modeling inaccuracy and performance can be further
improved only by updating the model on-line. This can indeed be achieved when
some components of the model depend linearly on unknown but constant parameters,
allowing the corresponding uncertainties to be mapped in terms of a single unknown
constant vector. This is the topic of chapter 8, adaptive control.

7.4 * Multi-Input Systems

This section discusses extensions of the previous development to multi-input systems.
The point of view taken here is essentially mathematical. In chapter 9, we shall discuss
how the exploitation of known physical properties of the systems, such as
conservation of energy, may often make such multi-input extensions simpler and more
powerful.

Consider a nonlinear multi-input system of the form

m

x i { r t i ) = - / / W + X b i j W uj i = l , . . . , m j = 1 , . . ., m
i= i

where the vector u of components u-. is the control input vector, and the state x is
composed of the xfs and their first («;- - 1) derivatives. As mentioned in chapter 6,
such systems are called square systems, since they have as many control inputs «.• as
outputs to be controlled Xj. We are interested again in the problem of having the state
x track a desired time-varying state xd , in the presence of parametric uncertainties.
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We make two assumptions. First, we assume that the matching conditions
discussed in chapter 6 are verified, i.e., that parametric uncertainties are within the
range space of the input matrix B (of components btj). Since B is a square mxm
matrix, this simply means that B is invertible over the whole state-space, a
controllability-like assumption. Second, we assume that the estimated input matrix
A A

B is invertible, continuously dependent on parametric uncertainty, and such that B = B
in the absence of parametric uncertainty.

As in the single-input case, we shall write uncertainties on f in additive form,
and uncertainties on the input matrix B in multiplicative form

\}'i~fi\<Fi i = l , . . . , m (7.46)

B = (I + A) B i=l, ...,m 7 = 1, ...,m (7.47)

where I is the n x n identity matrix. Note that the structure of expression (7.46) is
slightly different from that of (7.47), since the notion of a gain margin is mostly a
scalar concept, while (7.47) shall prove more convenient for the purpose of matrix
manipulation.

Let us define a vector s of components st by

n:-\

which, for notational compactness, we shall write

This defines a vector x/"~ ^ of components xrf
ni ~ ̂  , which can be computed from x

and xd . As in the single-input case, the controller design can be translated in terms of
finding a control law for the vector u that verifies individual sliding conditions of the
form

1 d ,2 < _
i'1 ~ (7.48)

in the presence of parametric uncertainty. Letting k sgn(s) be the vector of
components kv sgn(s(), and choosing the control law to be of the form

u = B" J ( x / " - ' ) - f - k sgn(s))

similarly to the single-input case, we can write

(7.49)
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h = ft-fi + SAW"'--0-/,-)
- ] £ A,y £y sgn(.yy) - (I + A/7) ^-sgn(^)

j * •

Thus, the sliding conditions are verified if

> = 1 J• * i

/ = 1 , . . . ,«

and, in particular, if the vector k is chosen such that

(1 - Du) ki + J Dij kj = F{ + j^Dy | xrf"i - I) - /,-1 + n,- (7.50)
y * l" y = 1

/ = 1, . . . ,n

Expression (7.50) represents a set of m equations in the m switching gains kj.
Do these equations have a solution k (then necessarily unique), and are the
components kj all positive (or zero)? The answer to both questions is yes, thanks to an
interesting result of matrix algebra, known as the Frobenius-Perron theorem.

Theorem (Frobenius-Perron) Consider a square matrix A with non-negative
elements. Then, the largest real eigenvalue p± of A of is non-negative. Furthermore,
consider the equation

(I - p - 1 A) y = z

where all components of the vector z are non-negative. If p > pj , then the above
equation admits a unique solution y, whose components yt are all non-negative.

Applying the Frobenius-Perron theorem to the matrix of components D,-., and noticing
that our second assumption on the system implies that Pi < 1, shows that equation
(7.50) uniquely defines a set of non-negative kj. Thus, the control law (7.49), with k
defined by (7.50), satisfies the sliding condition in the presence of parametric
uncertainties bounded by (7.46).

As in the single-input case, the switching control laws derived above can be
smoothly interpolated in boundary layers, so as to eliminate chattering, thus leading to
a trade-off between parametric uncertainty and performance. The reader is referred to
section 7.6 for details.

Note that the point of view taken in this section is essentially mathematical.
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Chapter 9 shall dvscuss how the exploitation of physical properties of the systems,
such as conservation of energy, often makes multi-input designs simpler and more
powerful. This will become particularly important in adaptive versions of the designs.

7.5 Summary

The aim of a sliding controller is to

(i) Design a control law to effectively account for

• parameter uncertainty, e.g., imprecision on the mass properties or
loads, inaccuracies on the torque constants of the actuators, friction,
and so on.

• the presence of unmodeled dynamics, such as structural resonant
modes, neglected time-delays (in the actuators, for instance), or finite
sampling rate.

(ii) Quantify the resulting modeling!performance trade-offs, and in
particular, the effect on tracking performance of discarding any particular
term in the dynamic model.

The methodology is based on a notational simplification, which amounts to
replacing an nth order tracking problem by a first order stabilization problem.
Although "perfect" performance can in principle be achieved in the presence of
arbitrary parameter inaccuracies, uncertainties in the model structure (i.e., unmodeled
dynamics) lead to a trade-off between tracking performance and parametric
uncertainty, given the available "bandwidth." In practice, this corresponds to replacing
a switching, chattering control law by its smooth approximation. In specific
applications where control chattering is acceptable, the pure switching control laws
can yield extremely high performance.

Sliding controller design provides a systematic approach to the problem of
maintaining stability in the face of modeling imprecisions. Furthermore, it quantifies
the modeling/performance trade-offs, and in that sense can illuminate the whole
design and testing process. Finally, it offers the potential of simplifying higher-level
programming, by accepting reduced information about both task and system.

J
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7.6 Notes and References

The concept of a sliding surface originated in the Soviet literature [e.g., Aizerman and Gantmacher,

1957; Emelyanov, 1957; Filippov, 1960] (see also [Tsypkin, 1955; Flugge-Lotz, et al, 1958]),

mostly in the context of "variable-structure" regulation of linear systems, see [Utkin, 1977] for a

review (also [Young, 1978]). Classical sliding mode control, however, had important drawbacks

limiting its practical applicability, such as chattering and large control authority. The development of

sections 7.1-7.3 is based on [Slotine, 1984].

The combination of sliding controllers with state observers is discussed in [Bondarev, et al.,

1985] in the linear case, and [Hedrick and Ragavan, 1990] in the nonlinear case. Observers based on

sliding surfaces are discussed in [Drakunov, 1983; Slotine, et al, 1986, 1987; Walcott and Zak,

1987]. The development of section 7.4 is adapted from [Slotine, 1985; Hedrick and Gopalswamy,

1989]. The reader is referred to, e.g., [Luenberger, 1979] for a simple proof of the Frobenius-Perron

theorem. Some details on boundary layer interpolations in the multi-input case can be found in

[Slotine, 1985].

Practical implementations of sliding control are described, e.g., in [Yoerger, et al, 1986]

(underwater vehicles), [Hedrick, et al, 1988] (automotive applications), [Harashima, et al, 1988]

(robot manipulators). The literature in the field has been extremely active in the past few years.

Related approaches to robust control include, e.g., [Corless and Leitmann, 1981; Gutman and

Palmor, 1982; Ha and Gilbert, 1985].

7.7 Exercises

7.1 Consider the underwater vehicle of Example 7.4, and assume there is an unmodeled

"pendulum mode" of the vehicle at 2 Hz. Choose X accordingly, and simulate the vehicle's

performance on the same trajectory as in Example 7.4. What is the minimum sampling rate required

to implement your design?

Discuss the performance of the system on various trajectories, which you may want to

generate using a reference model, as in equation (II.5), with ki = 2X,k2 = X2 .

Simulate the unmodeled 2 Hz mode by first passing the control law through a second-order

lowpass filter of unit d.c. gain before actually inputting it in the system. Tune X "experimentally"

around the value given by (7.41), for different values of the filter's damping.

7.2 For the system

Xj = sinx2 + ^ I + I Xj

x2 = a1(()x1
4cosx2 + a.2(0 "
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design a controller to track an arbitrary desired trajectory xdt(t) . Assume that the state [jr, x 2 ] r

is measured, that xdl(t) ,xd^(t) ,xdx(t) are all known, and that aft) and a2(f) are unknown time-

varying functions verifying the known bounds

V«>0 , lotjCOl < 10 I < a 2 ( ( ) < 2

Write the full expression of the controller, as a function of the measured state [X\ x2]
T • Check

your design in simple simulations. (Hint: First feedback linearize the system by differentiating the

first equation.)

7.3 Consider again the system of Exercise 7.1, but define i so as to use integral control (as

discussed in section 7.1.3). Simulate the controller's performance and compare with the results of

Exercise 7.1, on various trajectories. Show that, besides allowing the system to always start at s = 0,

the integral control term keeps adjusting the control law as long as the effects of bounded

disturbances are not compensated.

7.4 Consider a system of the form (7.1), but where b is now constant and of known constant

positive bounds. Divide both sides of the equation by 6, and write the sliding condition as

where h = 1 Ib . By representing uncertainty on h additively, design a simple switching controller to

satisfy the above condition.

Smooth out the switching controller in boundary layers, and derive the corresponding balance

conditions.

Show that the accuracy of the approximate "bandwidth" analysis in the boundary layer

increases with X.

7.5 Consider a system of the form (7.1), and assume that not only x but also s can be measured

(e.g., that jtW can be measured). An additional term of the form - a s (with a > 0 ) can then be

included in the control law.

Write the corresponding expression of s. Assuming for simplicity that the gain margin p is

constant, show that, given the bandwidth X and the parametric uncertainty, the effect of the

additional term in u is to reduce the maximum value of s by a factor ( 1 + a / p ) . Show that this

implies that the tracking error x can in principle be made arbitrarily small simply by increasing a.

What are the limitations of this approach? In particular, assume that there is / % uncertainty

on the value of x^ . How small must / be to make the approach worthwhile? (Adapted from [Asada

andSlotine, 1986].)

1
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7.6 Show that a condition similar to (7.68) can also be obtained by requiring that the system take

at least two sampling periods to cross the boundary layer.

Assume that sampling is the active limit on bandwidth, and that chattering is acceptable.

Based on the above result, how do the tracking performances of a switching controller and a smooth

sliding controller compare?

7.7 Design a switching controller for the system

x + <X|(/) |JC| Jc2 + a2(t) x3 cos 2x = 5 ii + u

where (X[(/) and a2(r) are unknown time-varying functions verifying the known bounds

V i > 0 , |a,(f) |< 1 - 1 <a 2 ( / )<5

(Hint: let v = 5 u + u . Discuss the effect of chattering in v .)

7.8 In the context of section 7.2, define

sA = s - Osat(.s7<I>)

as a measure of distance to the boundary layer. Show that the time derivative of s^ is well defined

and continuous in time, and, specifically, that one can write

Show that equation (7.26) can be written

5 S ' A 2 * - W

(Adapted from [Slotine and Coetsee, 1986].)

7.9 In the context of tracking control, discuss alternate definitions of 5. For instance, consider

choices based on Butterworth filters rather than (7.3), and how they would modify bounds (7.4).

7.10 Design a sliding controller for the system

x'3 ) + (Xj(r) x- + a2(t) i5 sin 4x = b(t) u

where a.\(t), a2(t), and b(t) are unknown time-varying functions verifying the known bounds

V r > 0 , |ct,(/) |<l |a 2 ( r ) |<2 l<b(t)<4
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Assume that the state is measured, and that the slowest unmodeled dynamics is the actuator

dynamics, with a time-constant of about 1/50. Simulate the performance of the system on various

trajectories (which you may want to generate using a reference model).

J


